Theory and Applications

s gl su .1
Aeadid) LD I gy Sl
3, Al dmalr — dwdid! &JS”



v skl gug 3 — Sl giall

WIPITS .:.TP.LE.!

REPSUPUN BREIR TN IS R IR P Ie SURNE (g pey

il ol Sy Y S lie 35 s, :«.U;,Ax:p‘w.. S e L 3«

;;s);m W;;_ﬂ_,;uyum@ﬁw;p J}\,.w&twuy\ogwp@aﬁﬁh

;L_;”:;@).a?a?a;;u;vuur,;éuﬁ,d\a;u;s\cﬁ;gy@iﬁ,;m;ﬁrmu»;

AU 5 e ot R Al dall lanall A8 5 3 T8 U g Sy gl of LS i

L;.,\j\lJ.jdﬂ\.u\;)\)ﬁé)..g;ﬂ\@:dbzyfobu&wc}weylf;yﬂ
- ieda)l Ol

OB ¢ ol 3510 Wby 3y P ok sl trﬂrﬂ SIS el il
S5 e By SN pay e e 1) sy o Ly AL g S
bﬁ——éuﬁ;eHﬂ\waéuew.wdjbéas)w'ﬁg*aﬁﬂm»&ﬂm
ot 2 o GO gy alall DY) 3 U e ST sl Gl ey 5
.mwdb).bjﬂ_d\ 2T 3 60 Pl &
S Wil d sy a8 ol e T D s ) S ki
A_Ju.L&ﬁ,—a,l\@u)ubpui,&www%wu;-\Jl_-,»%mu)\y
A e Al JUal U s oy b ginall o) el Dl all e O3 i
dad OV & ks OJL’:S\;.)LJ\J)LQJ.ﬁ\bbj(ﬂzqu\\M&x:Juﬂul\)b&\j
Wby 2agll 3l oatt fTY s Ol oy ¢ 21 S 6 2000 G el o1y Ll G0
g,au._.chLAJ.\.G}J;L\J?}M\uy&\uwu)ﬂ\wg\des)w\oM



i vi

Ll il o o U 8 s osld & a0 ey 91 o) J gty L 26,000
Colyy Jol i 4 ¢ QS 3 WU r‘i Uslizel (3 g8 8 pheal 2501 il ol il U
L_M\).U‘Ja.iéy@AA&EJ.EWle\OfLa)&gbgsj\dﬁwbdﬂﬁytfb}l\&p
L_»)yt__.ﬁ.gagﬂ\dtjwci)\gu\fﬁ,.g\;ﬁsxq\ﬁiﬁiugi)‘;ﬁ):‘gp\
o 31,7 15) 8 Uiy okmr 26,01 OV 15 13 502 a0 e el ol 5 Yy . Lol
&M}“u@%&\@ﬂ\gﬁ\w;&ﬂjcBM@W}T&ﬁﬂbLﬁt
Yot S - Ol B gl Uz ¥l s g otk ey e U Sy el
OV g e W oW Ll L @ el g e J ettt SE Y B jinal Wl T pas
Bl Sally o) e Alolidl Yslall Lgeal L Jilas a;;t,,ga;u\ 3kl pas o
i bl g5 ¥ Ol ey Slay L dpsaall J M B0y L 2Ll pually 5 el
ke S0 0,5 8 ol el 1 3 B s O e LS A L ol inall
S8 ol eyl o 2 S e 5 gl an pa g Gkl gl L
- Akl CaldW
wueiﬂ»o.w)w.-\.u.u@;\,;J\@Ji,wu_;.\;)ﬁmgufamf)g,

ozl L5l 131y 3y cid g Al Gl a1 e 1 g e T 0SS0 e
Ll bt UL o i 280 3 15 S pay a6 iall b piaall olidas

A o\
3 A dwdigy owg)\'suf
pVAAT -2 VYV el



vii Jushlt gag 5 — ol ginall

3. oAl A el — Aashl ST I J e e Cub B 50 e OIS i
o Lhany Dl piall B3le o5 L. Comy ol g S bl pn 3adl S Oyl ST 1)
Advanced Matrix — 3 axed) 4S5 3l 280 ps (6l Cies pole 585701 3290
Ll e 3olS 6y g.ha: 3 B\gdl g OS™ (s Aly Theory for Scientists and Engineers
Of Lmza e a Wy .. VAAY ple Ll Qu).»J\L_';L,a_-, [PERPERA I VRT L ou,;.alt "
IS 3y e GAals g W e e el Jjﬂ)u)ijhg}};y‘rh.“;\i-t;
s ,w\uu))a:MMtowg,Mr,.séugﬂtwtgtm;ébubfugu)
J__,Lx:s\‘;”-L__;‘)ﬁ.;r.u\QW)&tsxuﬁin\oh..r.ﬂ\#dg)s
0y S5 SS s)L@,.:_;>.\,5\J,1;;.sU b pinall 3 W Clam g ol iy S yinally (g3l
¢>s)j_ss;y5_,u_..xi,.rug&;@g)‘yu&\yu;gmuj,scfiy,u
¢J5L_~,u;..g_;r.a;;\:\.:wu_;ﬂﬂgp\,;wo,ﬁ,..&Aud@ﬁ;uﬁr@w
| i IES PO PROTIN IS XTI
o ol b 5 b sy Ly ki Sl phall o 5,5 0 g e
;J__;gj\)\(,_l...QCJJJTUUJ)JJ\C)U—UJWJAM‘J;IJ_;{EUTJJMUMQU
Py e St s ST 3 L )5S e e OUSI e U By L Stead ) e
;_,\Hf\;lr__ﬁa;_,\:}uig\;{c,piofgl..J,s'uw)'c-ifjuzlb_ Ol (3 aodns
ST S D PPAEIT WP Y JOMOPRIE < DVE /LI SN PP O
L33 sl S STy L Coln Y sl ) Ul sl e L, o ) 3 sl
R . G RV PP T PER QP . ,;ihq\j\j\;oufs.a_\\rl;o% uﬂj}})\.\.w
q\_:;&_ﬂby,)”w@(_;,juo)&oiwu..u@tﬂo,&oi%ﬂ,
lalyudl wabb..bM\JrM\QwWJPQQUWY\O&éM\L)»



A 3 daia v

3 - DS G2 e pnyl = \Ms,wqiuy@}\wu\uuw\ ) (3 Ll
Ol Ly ST e LY NI O Y6 Sy . il gl y b sinall dsbe
Al BBl s o U S Rl 3 L Jaey Sodane dle oy Ry 6T
oy puel 5 2l I s i ) ol it o ol ads 3 o yllall G (6 ey
il Oligldl Ob a1 oWl L Radally bl Slaasdl jan 3 L Sl i
L,__«u-\@ua,&_wwu,ahwi;\j\ wgf&psgw\)ﬂj..oufm\\@
dgd) pb SN e o5 | y Computer Graphics
@_ﬂ;\y@w&ﬁ;ojsL_sj_.x_éy\m_ai\upsﬁ&sa-ej&r,\;fofu,u.wj

- — ,.yw;,_;‘u;z,qﬂu@um)-w%}\ef&w\a@dwﬁnjf@jd\)
z__AfSt-..i..,.Q_T,y«f)cufﬁu@@ﬂ)uﬁwwhm&;rl‘a,;)., 'y
Al y &l Joal Y liay 85 jiie @6 yinan Lg.:\‘_;;@-\,\ dwj Singular Matrix
e L g B ghas 1) Lz Unitary Matrix 203 .. 85\% 8 ghas Jlaxz!
S AEY ol o Y A o anit Ll 1iSny . Unity Matrix 84 1 3 gias
Jlea WVl 8 gy bad) gay . Sl 50 I Sl (61 .. 842 o L) Orthonormal
A" Sl oSy Ly B SLdS S s e .L_x,\&ﬁ) RN
BEC P\ N RORW IS et @fbj‘awwsb)gw Lea) T " A1 Colgaall
Je o s TS e ey U OB g i 58 2SI 3 el S0 15,

b el h.v’gsi)m Aty 8 Bl ot iy o oy 5 S (5,

im0 7 3 i o SLEI A e O Y1 e W e e Lkl Lo e (35 Oy ol
c el Ny adl il O 3V oL e Y1 8 0S5

S DMl Lo ole oy it pall o st 5T ) Gradll (5 S 0

G S ST Ol ozl Yy L eda 4, g Jo Jeddt i 212 S Clasldl
Ry B S gy am e o S = Rty o s =l
| oy pallads 3OSl 5 L oYy Lw}uﬂa)



ix S ghaalt
Bellman O\—o; 4oy 501 ool Min mn At @, {5l y bl e 51 2061 3

3 oS S el e e S by L ple 3 S Sl gy
The Arithmetic of Wall Slol J Olu ga &l 1 SUI LWl s aioy OV o 26l

. Higher Mathematics

Juskll gug

2 V44 — 2 V£V V3

LSl Wl 5 ol 8 el ot W1 (o ol ¢ OF s 6,0 (5 O 251 ndell pary

Sl il L_J.:J\ Sl )l 3 Wl y oL g L.-o- ’Y)A AN SY Ay Ay ,n

o o S Ly gt 3345 e L8 S O Ty s o i any e, IS

NG RR VR PR PP PP JRY-H1 ) P \_M & Jaz s s Sy sl ol
coladl Ciy (3 gl § S

JUM\;_;.&#.:.T
21444 — 2 V£Y. b Ul



X1

Joshlt i 5> — b siall

Slaganell 09 doady : JoY U

INTRODUCTION TO MATRICES

A MATRIX DEFINITION & sdal\ (i 5 Y —
BASICS S\l ¥ —
Unity Matrix ] 85> ¢\ 33 sian Y —Y—)
Null (or Zero) Matrix O % )\ 8 siall Y—Y—)
Inverse Matrix 8 yial} o Sas ¥—Y
Equality of Two Matrices s $een (§ g\wd £ —Y—
Addition and Subtraction of Matrices <\b yial! 'd s & e=Y-)
Matrix Multiplication <\ yaal) O p0 1—Y—1
Division .of Matrices <\ yéall daud V=Y
Partitioning ts ol A=Y =)
Matrix T r;lnspose b siall )-k; -y-

Symmetric Matrix it 3 gdall § v —Y



< phall
i
9 Skew-Symmetric Matrix 3\l illezlt d gialt § 4 —Y—)
9 Hermitian Matrix &z pd\ & 4iall Y Y—Y—
10 Skew-Hermitian Matrix <I\dy &z b & yial) Y F—Y -9
11 Trace of a Matrix 4 jiall 3 § ¢—Y—
11 Commutation <\ iuall JIdy) ddes Y 0—Y—)
11 Idempotent Matrix 434! 3 yiall Y \—Y—
12 Nilpotent Matrix yiall 33781 b yall \Y—Y—)
13 Involutary Matrix 342y 43 3t @ giiall Y A=Y~
13 Aotlal) 3 ial y &y o) 2 giaalt § A=Y=
Diagonal Matrix and Triangular Matrix
15 Inner Product el &yt ¥ o« =Y =)
16 Orthogonal Vectors 8a\ad) Sigandd! ¥ Y —Y—
16 Independent Vectors dédzud) S\l Y Y=Y —
18 Orthonormal Vectors (842 gll) Suatad! 3 J1 Oilgomas ¥ =Y —
1§ O — ol r A jhay dond! ¥ E—Y -
Gram-Schmidt Orthogonalization Process
20 Orthonormalization B P ddes YO Y-
21 Orthogonal Matrix satadd) 3 siall ¥4 —Y—1
22 Unitary Matrix % 34> ¢\ O\ giall YY—Y -9
23 S giaall Jasy Joolls YA-Y -

Matrix Differentiation and Integration

Xii



X1ii

O g
indp
25 Matrix and Vector Norms 4x\ g 3 dall wlde Y4 —Y—)
25  Vector Norm 4=} plis \=Y4-Y—\
30 Matrix Norm @ siall lie Y—Y4-Y—)
39 Kroncker Product S35 < po Yo —¥—Y
41 | Determinants S\34$\ ¥ —Y—
« 53} Ja¥ ot o Byl oty F Py -y
65 Jal QU e s ¥
69  dghill S5fslall: S o
LINEAR SYSTEMS OF EQUATIONS
69 RANK AND INVERSE _p 553 3 do yiJ} { =¥
69 Gl SN gy P -y ¥
Equivalence and Elementary Transformation
71 Rank of a Matrix 8 yiall ior > Y=Y —¥
73 B yanall G 3 5\f 3 b VY- Y
76 Inverse of a Matrix @ yial) o San Y—\ —Y
76 ) 3 ganall . Ses VY- Y

81 - (e osSally e Sl Aldan ) % piall o Sian Y1 =
(Right and Left Inverses)

85 (A1 3us = sl sus) kit Sl Jo Y-
SOLUTION OF LINEAR SYSTEM OF EQUATIONS (m = n)



<t giaall | Xiv

YW

85 dudbnalt Lhadt Yol J= y-Y-v
System of Linear Homogeneous Equations .

88 bl pé Glod-t YAl J= ¥-y-v
System of Linear Non-Homogeneous Equations

88 (p(A)=p(A|b)=n) : L4¥ I A —y-Y-y

99 (p(A) =p(A|by<n) @ ath I Y—y—Yv-Y

100 (o) # p(A]b) , p(A)<n) @ @t b y-y-y-¥

101 Yl o o 3 Sy S @ Jleacat F-Y—Y

102 Elimination Methods <243\ (3 ,b £-Y-Y

102 Gauss Method _ps\> 3a b \—¢—Y-Y

104 Gauss-Jordan Method O\> )y ~ pal> 4y b Y—¢—Y~Y

106 Ax=b Y3l | (3,500 po) 4y S Gl 0¥ ¥
Iterative (Indirect Methods)

109 Jacobi Method g S\ 3 o Y\ —0—Y—Y¥

114 Gauss-Seidel Method Jdew — _pglor &y b Y—0—-Y—¥

117 Relaxation Method &\j! & yb ¥—0—Y—¥

123 m=n &b Yol oYY

126 pA) =n<m B § fal) JH1 ) -r-y

129 SE QU Je Dyl & £

134 SE S e Pl 0¥



XV

137

137

140

141
152

153

153
158
163

169

169

174

174

183

et

Silagdaoll duilall ouill dl&idy, : I Ul
MATRIX EIGENVALUE PROBLEM

dadis \ -V
I il] Lol AL Y-y

STANDARD EIGENVALUE PROBLEM

APPROXIMA 'TIN G EIGENVALUES

Theorems <\ b5 Y —Y—Y

G gy S5y 8 e Y-
(IXPEERUPOTINPIPRE

The Power Method & 38\ 4d b \—¢—¥

OR 3 Householder 34 s 3\ o3 % Y—¢—¥

(£-Y) Joadll do Dl oLy 5 0¥

&y b O S5 OF AR 3 giall < jladzal Y
DIAGONALIZATION - DIAGONALIZABLE MATRICES
Independent Eigenvectors dzua &3\ O\gondl Y —1—¥

(it 1) an b giam Butesall 43101 Colgondl) Y-

Dependent Eigenvectors

JORDAN FORM O\3y g 1S5 V=Y
Sl ot e fBluw A-Y



Xxvi

N ydaall

185 Sldgdumell Jlga: gl yll aLlddl
MATRIX FUNCTIONS

185 dadis \—¢

186 (g 4 A) yllae) aldsuanly Y- ¢
USING DIAGONALIZATION (A is Semi-Simple)

191 (Mg ded A) O geholr — S & s alusesly Y- ¢
USING CAYLEY-HAMILTON (A is Semi-Simple)

192 O ghala — (S 3 fa5 ol jam VY- ¢

196 MINIMUM POLYNOMIAL & puall &3 943\ §—¢

205 g ad pb 4 A G O ol — LIS & k5 Jlenzt 0 ¢

e g

214 Ul o yld -t

230 &AW e il V¢

234 APPLICATIONS ildahaci: juolsdl Lalull

234 = Ax+Bu 8)pa)) Jo oo Adlas Jo 1 )Y Godadt V-0

234 dadds Y—Y—0

235 Time Invariant Systems ;o ) a8 gl pb ol Y=Y —0

246 Time Variant Systems ;» 3 s 8 g} @b ¥—y~0



Xvii

T
s
251 Matrizant < 37 \-Y¥=\~o
253 Sa8t dr yll g ;a3 1 o0 Do)l dghoslidt Dbt fo- £ —V—0
n® Order Ordinary Diﬂ'erential Equation
260 i gl DU phaall @ gl ,_,,kJ\ Y-o
Y TOCHASTIC MATRICES
267 dpilnd! o oladt 1 I gkt ¥—o
SENSITIVE (or ILL-CONDITIONED) SYSTEMS
267 dadds \-Y-0
268 Condition Number g 23\ 348\ Y—¥—0
275 S A 3 ad ,b C"J” (ke i o
LEAST SQUARES TECHNIQUE
275 ) dadis \-£-0
279 i) u?:\d\&bd}dﬁ” Gf‘ id,b Y-t—o

283  Weighted Least Squares Method % 33 & &\ A1 3 4y b ¥—¢—0

284 COMPUTER GRAPHICS «ut\\ SM\b gy 1 B! Gadl 0—0

284 : bads V-0-0
287 , o) e gy Y00
295 QUADRATIC FORMS 4 j) gl © ud\udt 3kt N -0
295 yox J G drylt o0 Dol V10
303 Generalization geas3 Y —1—0

307 4..h}-| }; SYstall oo i o agldt 3kl €0



ol giaall

307

310

313

318

320

XVviii

Newton Method 3y 35 4 b \—Y—0

Broyden Method Ods 3 y iy b Y—V—8

APPENDIXA  1alo

REFERENCES gal ,Q.!I

INDEX tisu yad



1 Jushalt gug L5 — Sl yhaall

St e Lgorled o L1 S5 (Lity 0,55 OF o fy Uo7 pos U 1 3
Ld 2 yinallh .. pylall 4y 0 08 ) amdls g G4y 6 ole gny Matrices b pinall ol
i iSans OF (gt Uy ¢ (Rad) 18 y) Linear Equations ik <Yl J 3 el 90
¢ Vector a—mally 8 4iall jaf ol Norms sl 204 Ol y Rank 3ox yuJ\ y Inverse _p ySall
Aol ol il LYy ol 3 Lla 1 93 nls b yinall o 61 30 0 Wil
6“‘"‘; b ol JU& of Wl y Hermitian Matrices azen nbl b yinall y Symmetric Matrices
S g ] ¢—=2' 32y Inner Product ol Ol Olles s Determinants <o\sasly
3 a3 oy ¢ ol oh 3 o 350 Jiy O 5,0 oy o o L 3 Lgaorins

C ol e el U Y 8 8 Sl et s ags > O =T

A MATRIX DEFINITION 3 sial\ Cay 25 Y —

Wylie || @ 6oy e b Caulad) adn Jgol .. 8 5ial) Gy o) 03 b e ST o g
! Linear Algebra a3\ ;3\ WJe 0 Ll Jo dezmy ¥ Co [1975

3 ghealt iy
u\—&‘}-&ww}@(mbyn)mxnU)uAﬁM\
o— n;Rowsd)_M\&_»méFieldb,;jbé)\,.:J
5 pSON by Sy 8 ginal) (S o 3346 3 Columns Sdas¥)

: Waod .. Capital Letters



O ganall J dedds 2

b_,u.‘\_..g Arrl y :,—aﬁw’éﬂi HMW; ‘
a Vector wl a.\kJ L Oé\ﬁ -4 « Coulmn mﬁl’ Cﬂm

O gn = n) 3 ghal m@w&x
| “».—-3) a Square Matrix: L..ag).\ 1 ghu by gend 4
i i day N1 Wghalt (1_12 )

BASICS <lamilal ¥—9

Unity Matrix I 3> ¢! & sian \—Y—)

Oji:'l Rg)a.ﬂ\}.&rpl..ah Lpf(] =) S.b-',.“ Lﬂ: LAJ.ES ﬂh&bﬁi&fﬁ}é@"bj

2 of ol o 1ol




Wb giall

ol UP&JUK Lli.h)

0 i 1
1 ) 0
Two JL—3 ¢ |, Elementary Vectors i s¥) Slgamilly o3 25U 3 yirall 3

: Slgridl sewd Layly . Dimensional Space

0 0 1
0 o 1 ¢ 0
1 0 0

t wndlls W3 e s . Three Dimensional Space > Y! o g AN W Sl

i
0

nxl
Y A ;Jgi_\? C_‘,’ 8y n Dimensional Space quSHJnng_gb t\fm‘?&l)i“"‘;’)‘h
) .(bﬂf\g}\d&;ﬂ\é{ﬁh‘l)é@))ﬁ\
ials ol Sy daae e ad WYY C ol piall o a O b U o)y

D SIS S b gial

Lyn A =4

nxnpttnxm nxm

=4

nxm X Imxml

Null Matrix or Zero Matrix O & i)\ 8 siall Y—Y—)

s ol sl il b ele ot @ gheall s

a, =0 .\ Vi, j

Y ot oal ey

0 An = o

msn il ’

A +0,.,=4 & A-A=0

man mxn

Alanlen =0

nxih

mxn

Y Sl yialll 3 7 kg jadt ¢ ol Sldes 0 g‘v;



Ol giall (§ dodde 4

Inverse Matrix & siall ySas Y—Y—)

Ld oy SO adan Wdha_syaall .. 47 f)bu,a,)Ad.Mu,aw@,
: gﬁl‘ BiZ 5 Right Inverse A, g3 o sSal) @-«JJ Ovad) o Bl g ¢ Ol S Ol yinan
Apen Aim =1

mxn< axm mxm

: S;‘%l\ 4% y Left Inverse A, ,«.ﬂ‘ uu,ﬁd\ oo g el e ddlyy

AA=1

nxm < mxn nxn

035 kY g St o S sz oY1 Lo ySnn OB (1= 1) s o 36 pinall 2387 1346
gfy‘ R Anxn 'b") u“)g““ a")‘m“u

I _ 41
Anannxn - Anannxn

=1

nxn
OB An il adly L S5 Sl by sy \Zﬁr 05 Sl s of J Sy
SSLdZHAHuU-\oJ__AQ}‘. (el (§ gy Y A 302) |4 %0 of ya b2l
Singular 53Ls 3 yias B5aie 4 055y oySan b o 4 06 |4 =0 0™ 136 . Nonsingular

.ol \h@@gﬁ,@\;u@ﬁ@p,..

Equality of Two Matrices (x sias (§ sud §—Y—

o siall 35 Bl olal IS ol W3l BB, ] 5 A=|a, ]| 0l jiall s s

‘:Ofgf..

oY o shall (s led r (slal) A e e

Addition and Subtraction of Matrices &\ sl b g a2 0—Y—)

0B B=lb, | 5 A=la,] ity

C :F/ Hz Apin + Buxn , cy=a; + b,-J , Vi j
- Bn , a',-j=ay-b,-j , Vi

mxn




b yiuall

0, bey . Y i D 3 C 0SSy W 3B 34 (S r A L Loy
Conformable for Addition A (¢ i e el A Wl B J& 4 sl i B
Not Conformable for Adiition or ¢ ki o C“"“U W 0, Y &5 48y ¢ (or Subtraction)

. Subtraction
OK\Slcgkw
3 4 6 7 9 4
A= , B=
51 8 8 1 1
0%
10 13 10 -4 -5 2
C=A+B= , D=A-B=
13 2 9 -3 0 7

‘ NI IOV PV PEPS R g B RV
(i) A+(B+O)=(4+B)+C
(i) A+B=B+4
(i) A+0=0+A4=4
(iv) A-A=0

Matrix Multiplication <\ siall O 0 1 —Y—)

: d‘t’ B=Bmx1 =lbijl J AzAnxm =|,aij

| sy

m

C=Cpi=ley]= Apm Bua=4-B . ;= ayby Vij
k=1

Conformable for Multiplication Juud) 0 A 3 o _wall 6 0SS B 0B [AuYilia sy

AW g ity Sl yiaall O oy o B OB ghe i) U gls 4 dukasl 3us 07\ 13 from Lefi

a—d:;a’jﬂwc:';)w\J‘U)'ﬁj‘U‘:’;’bj)w‘wuﬁ)wﬂé‘wuﬂﬂl—é’
(85 S Bl el e o o

O 1) ¢ Mead
236
A= ,  B=
517

N S



op

| .
a2 3 6] _[@D+BK3)+ X)) _[35
C=Cra=4 B3xl—[5 1 7 : _[(5)(1)+(1)(3)+(7)(4)]_[36]

@) S pk By Ay o Of B

: Raldl ot gt jamy

@) A(B+C)=AB+ AC
(ii) (4+B)XC=AC+BC
(iii) A(BC)=(AB)C = ABC
(iv) AB=# BA (Ingeneral)
®  k=[ta,]

(vi) k(A4tB)=kAtkB
i) (k th)A=kAz kA
(viil)  (kky)A = k(k,A4)

(x) [-A=A-1=4

x) O0-A=4-0=0

cealy kL kg e

¢ C=mel =lclfj J B=Bmxl =lbyl ¢ A=Anxm =lay'l ":‘"L—'S b&" . (l) o Les

o
(B+C)pu = b, +¢;
Juby
) mn ’ m m
AB+C)= [Z ay (b, + c,g-)} = [z agby + Z a,*c,g}
k= k=1 k=
= [Z a,-kbk, ] + {Z a,kckl} =AB + AC
k=1 k=1

ALl ot il 3k O Wgle (oAl Sk el s ey
OLS B3 . bl ClaS o 8 p ST OO e £l Ja,-)b‘ of £
Az Ly e Byieas 0,50 OF g B g A x5 sheall e s O slne ud Ligh 4B =0

G LK



’ S gaall

111 3 4 2
4=|2 2 2| , B=|-2 -1 -1
555 -1 -3 -1
ob
000
AB=|0 0 0|=0
000

o il e Sl pian oS5 8 e gy B0 Ofy 420 O e b
A eaSI  eoalil 5l BB 0 ) Lills el o el g5 il
4 .L@J&U:ﬁ@\@\,ﬁl\

Division of Matrices <\b sial) &ad V—Y—

blblﬂjhﬁyﬁé% WU.QM&EMwbﬁJYﬁl}éﬂ@l
3 SV s ey Sbyiall 3@ all a B4 5 ABT ddeslt OB 83 g g0 BT SIS
Sl sy x=A7b O (i g pe 47T IS 13 & x J pgmadd Ax =B ALl o U

. 4“,4:1 Jlemznty 471 3 Gl ) ol

Partitioning (S 3! A—Y—

i i ol yieal) i gast 3 B ginall (5 ) e S SO W 3
T Wead « Submatrices

A= [a, ’ ] o L4_‘ L 4:, _'é'_:'
3

LA 1 A

(B, i B> |
B=fp] o |0
[ '/] By, | By

Ay + By | Ay + By




b gheall § dadia ’ 8

1‘.57-&\{0;5;.)}@.5\1\,1.«9}

4B < | AnBu * AnBy i A\ By + Ay By
Ay By + Ay By, | Ay Byy + Ay By,

code WS oL B s o) gl ) VU agend (6l ld {ad.ib\,_"‘
& J’l) J

Matrix Transpose & iall §gda 4—Y~—

5""—“}{ ‘JJ_"'Q'“ J”. ot iﬁ_ui :\j),é.‘a.\.\ \_5" :\3)5.41\ )J:L' ‘)P Anxm zlaul o’ \51

B yaall o sl O yhe saasY

r_
Amxn - [a,u]

Pl st (Y a0 gl g) 3281 03 3 55 Y adeddl odn O s ayalh gy

GRE

I il e STW S BUIST L a0 @ yaneal Ul

iy (4tB) =4"+8"

Gy (4 =4

(i) k4) = kA" .k =scalar
(ivy (4B) =B" A"

Symmetric Matrix dilalt & yiall § « —Y—)

&@FTJ&JJ\ )la_EJ\JF ﬂw‘@d)@g\(@,k\)@)@\&b@
D Bl b s 0B s ey (A= A7) b yhe s g o 3 hnal

a :a. ,. VI,_/

:as)aqai\.og’sjuh;)wg;j

ableas o QWL 4=4" 0 4



s < gheall

Skew-Symmetric <Ly Wledt B giall § Y —Y—)

A Pl b,z o ia ey . (4=—dT) GaF G (an bl Bsiall s e

diwd«&:o\;l}

a;

=-aq;, = 2a;,=0 = aq,=0 , Vi

D ayaall OB Jull b oy

0 3 5
A={-3 0 1
-5 -10

D il Loy o CILIL dllazs B 4i00.

0 3 5
B=|-3 1 1
-5 -1 0

(8 Uy Iy e e

Hermitian Matrix s pd\ 3 4inll Y Y—Y—)

:()f&fz;dj) (&S A slusY as 52y € 3 (L olis) Lg.:')b‘-J:- dny g0 B yhozn o

2 of s .. Conjugation G35 ides J2ai (*) Cum




Sl ginall 3 dadie 10

: B.Lr—\i:

R 3 13esl 0,45 Of gt ien bl 0 ginall § )l o]

. Choleid) SSY) 15 gast

t ol G g 3 LSy
a,-,-=a,-‘,- = ag,eR , Vi ' ‘
:15)&4:1")\:.5

5  —1+i 2-i '
A=|-1-i 6 1+3i
V2+i o 1-3 7

.@oﬁ‘oi%ﬂ\ﬁuoiby.wpup,@

Skew-Hermitian Matrix <\ i pbl 3 giall Y ¥—Y—)

DN i L1 Il i i A ) ksl e il

OB Judb

: al gl

: sl

L E 0 04T OF G ay O Ll dne bt 3 gl 3
. Pure Imaginary &%,

% yinall Mot
—i I+i 3
A=|-1+i @ 5-3
~3 5.3 3

LR AE LS e gt et N b OF Ban Y L I i gk



11

< ginall

Trace of a Matrix & saal) Ji § £ —¥—)

u_laa;(trAJuJJLg ‘_&f;)wu,od,a nxn .\xJ\Q\Si&JllijJul\ﬂ
DAy

P b L gt M slie pas sl

5 6 7
A=[0 -5 3| => rA=05)+(-5+3)=3
4 12 3 ‘

Commutation &\ shall ) Ldes Y 0—Y—

Sl S L i3l y.. Commute did) U5SG A, B O AB = BA uft A, B 38 L 13)

. Anti-Commite LI nadlst U SG Lagls 4B =- BA

Ol yaiall © Yied
500 520
A=10 3 0| , B=|0 1 1
006 13 4

Ol piaall SIS L okl

SRR

ca.b.c.dpd ren Lt oladig)

Idempotent Matrix & 34! & gaal) Y —Y—

2

AL opins « 2244 Som A1 =4 08 L} a0 6l 4 0 hall s

.wyc-:mﬂﬂfkw"_ 4¥ =4



b gieall | § datde 12

tw

o oo i 3]

A=A A=A4A4=4>=4
A=A 4=44=4"=4

POl 3o o) gt Mg

ZZL.‘)M.U JJJJ.{ \J.iﬁj

_(s] iy J;_;') BzzB,B=B‘O‘Y a9

Nilpotent Matrix ol &3 74} 8 gl Y Y—Y—1

O 15} (or g0 g 208) k 35 jheall 3850 B 50020 4 3n ) 8 paall e

A =0

B yiall JUUI fo Jub 1 a0l @il 2 0 Em

o1 3 3 0 0 0
A497={5 2 6|5 2 6|=/3 3 9
-2 -1 =3-2 -1 =3| |-1 -1 -3
o 0 o1 1 3 000

A=44=13 3 9|5 2 6|=[0 0 0|=0
-1 -1 =3}-2 -1 =3/ 100 0



13 Sl phuall

Involutary Matrix 84> o} &3 511 3 4iall Y A—Y—)

O™ 13 su ) 43 jun 0 ginza 4 Any ) u)ul\w

A2 =1

B panal) JU) o dab Sl ) B ghan b T o

010 0 01 1 00
A=[1 0 0| o A={0 1 of 4§ 4=l0 0 1
0 01 1 00 010
c At =1 0l GaE Y sy A @ yinae
Of Db yinall oda ol g ey
oy  a=1
O Wiy or yo g 348 11
A=Al =101=1 , A=44=11=1 , ...
A=A A=IA=4 ., A=A AL=1A=4 ,

4202030 sdali— & Jadll @ gaally 4 —Y )
Diagonal Matrix - Triangular Matrix ’
A ghan o (@, =0 Vi /) ol ol tista Lo W olie mot o an U135 yirall
Wb (g, =0¥i> j) ol il b ol oo 3115} Ul . Diagonal Matrix & b

Al B¢ s olie s SIS I3y .. Upper Triangular Matrix \Js & B i ons

=5 .. Lower Triangular Matrix  Jiw &zkin Byins o5 g (au =0‘v’i<j) Vs

508 1 500
it ByiaaB={0 1 9| Byhallyd bl Byhae 4=[0 1 0] &yaalt: Jub fou
00 2 00 2

500
¢ i itlte B yian 3 C=(8 1 0 Byhali Ul Us
19 2



Sl ginall § Aadkie

s lgie ¢ saall ol il ae W (aslelly 4kl ALl ol yheall y

(A - B¢BAAB O\ sL_ a1 i Wb o Jab b yinas 4, B SIS 13)
Sols S 13 Ba g g0 0S4 OB SUIST L 4 kb Sligheas 0SS 4+ B
S i ga L feb pslic y Ll 21 A7 0,55y L Lo ol il

ZS‘“.A“M;}\;:U,@\;J‘

o O

o A=

b S
[
S O W
S O
N o ©
S O wi=
S = O
~3 |-

CBA ¢ AB 015 W ks Leb (i) e onltn 3 yinan A, B <3S 13)
0SS A7 oL ellis .(@L)ula,:haau,awo,iuwm-la
Ll i A7 0,55y W JlaoW poidls il uslie 318" 1) 33, 5o

F Mead L A 3yt 3 Bl ol ou,lb@uﬁ,@u,@i(ul;)

a

5 8
A=|0 6 [~d A-lz
0-0

~3 H» O
O O vl
o o~ 8
~||—-3

Sy [4] gl saz 0 (i ey 2t 5l & b B phnan 4 713
o R - [ P W P QW BT APER Y I

n

4=] e

i=l

N | ERIPRTY é) Ju\ }@L}J»@L_ 5:\..:,},;)? a5ls 4 di IR STRRTY ‘;L‘«_’
::}:J.(.h.is

& |4 =(5)6X7)=210%0

h N

I
© O wn
S o oo
= o ©

B3 pE 0,55 4 OB JULy

M

™

™



15

b gdall

InnerProducw\ c-,JJu’aJ\ Yo Y0
3 e ((u,v) 504 ij;;) Sl i e v e O e ol ™
Dy

(u,v) =uTy

ol J b e 05K o pall b OB = v O B L Aelde 1S Ol At 0,55
Ol L (o) e )

() =T =
@L—«) (et J shy @-w‘ Y- (34) Norm of the Vector 4=} o\ds G«w‘ |
| c Y S b 3 oty Uy i e

A atladt gl ol iy

o elde 38 Yy, v, 0,0, v Slemae Y
Aouwv)=a@wy) @)

- wav)=a(uy) (i)

Ay +vy) =)+ (u,v,) (i)

g +un) = () + () )

. uveR u\Sm( Welma) W)

1+ 2
0B u=| 2 |,v=|0
i 3
2

(vy=u""v=Q1-i 2 -] H =01 - )2) +(2)0) + (=)3) =2 - 5i

RICEY Neab

-
J

1+

_”u”zzu*ru:l—i 2 -i]l: 2

i

} =(1-HA+DN+Q))+ (DD =7

C AT el J b 03



b giall § Ladda 16

Orthogonal Vectors d4a\adl Silgond) ¥ Y —¥—)

S gy i gserﬂ ol fot> O 13] Oldalaza Lol (Cnsie 28 U, v Ongndd JLE:

Ofg! . hae

#.

<u,v> =0 & Oldalaze g, v

. Mutual Orthogonal (g% 20 SAalaza £ ) Al s clendt S

a 2
cu=l1]v=]0] Ol ey SO o o b2l om0 Jle
3 3
gl
2
wr=uTv=lz" 1 3]0o|=22"+9=0 = 22" +9=0
3

DOSS (Olemdl by Sy QUL y @ = -y OB @ =ay +ia, Sl 3B

2¢° +9=0 = 2 —iay)+9=0 = (2a1+9)+i(—ag)=0 =

Independent Vectors ddud) Slgondl Y Y—Y—)

L_Jos l—h—Jfﬁ_FQr;; Q\_@.’.C’.U;)_ﬂnd_ﬁ {x,-} Ql_ga:l\é_l.;\)lji
: t)&\ O™ 13 Lais o V3 Linearly Independent

n
Za,‘xi =a]x1 +a2x2 B aKRREEE +anx

i=l
0B pek 2, =0 $f) @y Belall S i s e Jah O Lo 3] dual] U sl

e



17

Sl gialt

U dad o gt Slgaie o F1 Y A5 Sl Of e 2 Jieo

ey i

o ¢ sl gl g uasf Lo X
1, [o]_[0 a =0
Aol*™1]%l0] T \ap=0
U Uad e b gl m ag

O ¢ sl U E 1L Ui Lia Jlly *

1 0 o o a=0
|0 |+ay|1|+a3|0[=|0] = Ja,=0
0 0 1] |0 a;=0

c Ak p b Ol o E 1Y WU Slgmdll O 6T L E 15 (6T Ll L i3] 1S

ol sl Jam Je Gan saaladll Olgamall 0 2o 502 {x,} §5 S5 LY

x,x,)=0 Vizj s X, X; =x,-2¢0 Vi
(xo%,) (o) =[x

S Aall g gost OB b




W ghalt G Ladde 18

e e b ) Sl 085 WLy b e =0 g s 1 0SS S
' D dala 35 e

o g lae {x} Slemall GOS8 Wl pad L e 8 WBL & ) B gl S

\_g_iisjjj@-“egs&gy\wlja}w}‘ﬁ} {x;} gl il 13 UE ¢ U s e b Wil

.me@m)@ﬂg,ﬁ; [ﬂ[ﬂ QW\% . sdalaze

(3 gt O\gmally dloladl Buo ) Cilgomae YY)

Orthonormal Vectors

,__»\_PMyd@ai@lq\@_‘,@u\#w\»;&u‘owwu

of g, s i

=t vi

e sl 3 Y ol L ol sda il
Stad ¢y Lo 0 s iy M3 5o 1 5 gl J b (53 e 5 o 1S

OIS” 13}

1 1
x=u = =5 = mﬁu
16 gaz L) solaill Olgmall a e et (oF i of LS wls WL s =1 of 31
= RSO T g o ¢,

. ddslaze 3.\»_,0%:»&»

“"‘*“.*"‘?‘J’- Z.iub Aol Y E—Y—)
Gram-Schmidt Orthonormalization Process
by Lo izl ) olemdll (o — ol > ool 3@\)) idenll 0 J),.J
O e A R N

*

C)



19 < ginall

h=x
Y2 =%+ By
B ﬂl ui-‘ Oi -b.Y)
{32, )=0
(xz,J’r)+ﬂ,(y,,y,)—;o > B =_(a2,);1)
||y1||
i

YVi=X3+ N+ V)
B 1,7, G O Y

<y3,yl>=0 H (J’3,)’2)=0

-

Do Jully
0=<)’3,}’1>=(x3,}’1>+7|(J’1,J’1)+72<)’2a)’1)=(x3’y1>+71“J’1"2 ‘
= 71=°<xi)“;l—

_ I ,
0=<y3,)’2>=(x3,}’2)+71<)’1,J’2>‘_*72()’2,)’2)=(x3a}’2>+}’2")’2"
= 72:_(x3,y22)

[

el Dlgandl {y,} © gt Jo fad o ddeal) ez 10,

Dol e

8

.SAAWQWL@»&»HLBMQW

gt

0
[ ] ylsz: ]
1




O ginall 3 dadis 20

( ) 2 0 2

X2

© m=n+hn > B=- “2 “y‘ =-3 = y=lof+(2)1]=|-2
N 1

; :
= (x3,J’1>=_L
1
® Yi=X3+yNtVayy = Ao ,
_ ) 1
y=—
L I —

1 0 2 15

1 3|~
> m=|1]+CH]+CL]-21=2 10
0 1 3 -10

D ade Wam Lo B oo ST GYI oW ol | £l S,y

2
(ry,)=l0 1 1][-_ =0-2+3-0

2

(ys)=310 1 1][ }=L7(0+10—10) 0

-10

yy=tp -2 5]{ 10}{7(30-15—15):0

-10

- ard Lgamy Je dlaze Slgman 3y, 3,y Slemalt Of

Orthonormalization 8.3 ¢\ ijes Y 0—Y—)

il r 0,50 Bl 6 ¢ stabadl Slgmill o 2o pu o (1) e pedl ilST L)
PRV SN SN PO SN DN Y W @__..u:) oo ddalazl) Bu ) Oolganze e Ao gast ) gl S
o denl) 0dd 0Ty . Sdalaze Sy Olgnas ) ) 2des &' .. Orthonormalization

=1 0= s yz_ﬁ 05 Jully . | dsb Lo xp e S Ad b
. o-\.b).l\ ul.g:...l\wuf;; { ’} 4.9_,&\ o,ﬁ»)



2 <l gieall

Orthogonal Matrix Sda\ad! B giral) ¥4 —Y—1

Mutual Orthogonal (asd! L sy sdabacll Slgmall o 2o gast {x;} <ils™ L3
A dyiga u.w: (4 Bal) Sy B yiaS o 3auslS Slgall 0 pai G B yinall OB

. oalaze
A: E N
Vol
x] x2 xn
......... __,) xl.T
......... 'T
A'T—~ ) 0)1
......... S X7
OB Sl
Yt
......... > Ty P
Sl > X7 S
......... B R R
AT Xy X Xn )
lf o 0
) \
O e ety
0 0 e

sV Dlgomall slin Dolay o 8 U ol B Job B gian 085w A4 S A4 QUL
- A % yhall 3 (B it Sy



ot gicall § dakia 22

o) Lgdasl a8 W 13} Orthonormal Matrix sda~ s % yinall O S5 O Sl pa g
AT A= 44T =1 0% B oda 3y « Orthonormal Vectors s~ e lgonze (Lh st

Unitary Matrices % yi> PO il YY~-Y—)

B il gous :‘u.u;}{ A= AT 0B AAT =1 Gaf dn e B shae 4 S 1)
¢ > Nad . Unitary Matrix % yi> 3 % yian A

15
0 23 —}-g
A= 11 -3 7
1 2 B
2 17
R
X X X

R LR PRI

B=[y » y3]={m i—l’éﬂ m}

POl el e ilgamta )L Yy, Y e

i

0 A 15
JBa Jas
p=| . 3 0
J2 S s
L3 -0
V2o a4 Jazs
0B Iy (BB =1 of gid)
0 _L L
g2
H_opTola 3 3
B=B"=\F% W W
15 10 ~10

-
>
v
FN
N
w
P
~
w



23 Ol gduall

b ginalt JalSsy folis YA-Y—Y
Matrix Differentiation and Integration

S s.kg_,.u
t=1, Mtwwv)ﬁ Apen (1) = la,j(t)] w,&i 2 gioalt
C b=ty L Mham g, () Wpels S CO8 13

DY
hadt we Jolidd B 0SS 4,,,() = |a; (1)] dn b 3 ginals
t=ty deei Joolill A g, (1) b2 ol S CE 1) 1=y,

054y
dA(r) | day (1)
at dt
ot{\sg'w.d
r 1-t £
A=A@)=| ¢ sint ¢
Int 1/t e
1 -1 2t
ﬁ= 312 cost ¢ ol
dt —t
1/t -1/t° -e
Do iall fou ol
d dA dB
LaB)="22 (o
dt( ) e dt ™
.@G@@aﬁsag}i(mka(ﬁ) v)
dt dr
IJEEIR WIS gy RO —(ﬂA)( ]A ﬂ( ) ™
d dA dB
—\AB B+ A4 3
dt( ) (dtJ (dt) )

.asv&ﬁy@i@u\ft}\@qofby :



Wb gl § dadida 24

A w TPr
ISl a6 4, (1) =|a, ()] Wit jols §S IS 13)
ol ke JolSal) A O S5 A1) D giealt OY Integrable

: ‘}Lﬁl
Jawar = [ fa, (r)d:]]
| i JV-Ig¥ s
x, (1)
OV x{r)= x{(’) O 13)
x,(¢)
—%W [ J‘xldt1
%: % ’ Ixa{t: Ix?dt
Ld;tn | LJ.x"dt_

:Zu\.»‘sj"fup\,r'

B L S G

. Alllaze Byiae B amce x oo ai(xTBx)= 2Bx @)
X

1 5 1 0 2 1 0 2

0 ,  —(x70 2 3|x|=20 2 3|x
Ox

2 2 3 1 2 3 1

200 zk){



25

Ol ydaall

Matrix and Vector Norms 4xlly 8 giall s Y4—Y—

Vector Norm 4’-:1‘45,‘\,10 (B LT B

J—=15 jotiad) sia sue o Y amal) ol L 4] choy s ‘_;Alload.\,illﬁ.:
ol Jyod O & el al) 3l 0 Length of the Vector andd) J 4b piney il

1

‘S-L__&\fﬁaﬂ\\.agﬂ_chjbj . xeRn [LIor (||x||=J;]2+x§+ ...... +x2) M, x= x:z

Xn

J._..v.- )‘ ("x":ZIx,I] Ja:- ;ib- L«g...:: . (_5)54‘ oalas, anl) ols s 4,‘! c'_,.l.pj “g.U\
i=]
(b = maxl ol oo )

2 JW Cay el puis OV s

3 el -lie]
Triangle o) ditin oy [+ <+ o] i
- Inequality

. s
DAl il e g’\mluj

n
N R R R (V= i)
i=l
n
||x||2= Z 2 = X2+ xd 4 +x? (Y- i)
i=
I, = m?x{x,ﬁ (o= o)




S ghaall 3 dadia 26

Ay |

DY bRl Ay *

n
@ [, =D x>0
i=]

"x“1=0 = !)3[|=0Vi = x=0Vi = x=0

G ey = 3k = D el = )| = e,
i=] i=1

i=1

n n n n
Gi) e+ ol = Db+ o <l + )= Dol + Dol =, +
i=1 i=] i=1 i=1

@ |+, = ,/ZIxI >0

”x"fo = xi =0Vi = x,=0VYi = x=0

O] \/Zlkxl =‘/§mw 4 le K]},

(iii) “x + y”i = (xrl' + yrl. Xx + y)= xTx+ x.'l.y + y"‘x + y'Ty = “xui + “)’"i
+ (x"vy + yq'x)

D Y= bl Ly ¥

g Ll g?J‘\e-»)) Schwarz Inequality ) las iulae plisanl

o 2 oy (JU) S

: Schwarz Inequality | s dulae

KT b, bl = Zlﬂl%lﬂ/ﬁlx ‘lejly.

W, =7

s ol g

b G =l + ol + 7y + 5 x)< s+ oA + 2l AR = e, + oA,



27

o giall

I+ ¥, <=l + b, Judl

too — phiedd Ay ¥

M [ =max{x}>o0
IK.=0 = |x|]=0vi = x=0vi = x=0
i) e, = maxon f} = el max |} = e,

G e+ o], =maxfs, + )< maxhs -+ maxfy}= o, + b,

M Al ol 1 Jle

;Y

Dx,y onmie Sl @ Rl 1S Y
0<||x+ay]|2 (x+ay)” (x+ay)—x x+axTy+a’yTx+a’ayTy
= +axTy+a"yTx+ oo
re ) Bk oda 3 Y ddie 0,5 2l 0B (3T =0 o5 prg) 2Ty =0 0,5 Lussy

D0, (a=1
Osfrrarly =hlh +lo Il —= Jeos sl =yl + DA <ol + ol

2 OV
I,

a=-
xTy

C-,—ai wlads

oslrasf bl + [ M;]y [ ﬂ—“-]y ; [r—"]‘(';—)]n ;

4y (12
2
= + P2

xy’

. :gsi_\!\“;iiéﬁj-‘\h)




b yaall (3 dadda 28

R

A R =<7 = [T <l

el <l <o, o s Je

IRy

b= 2l max =l
= el s el .

T R R

Y e
I, JZI ? < Jrmanfs [ = maxfe | =V,

R0 ]

1
s H el s 9y oy, st s ]
3

_ : e
L N R RN T EL T ™ R ¥
D oY gaf LY
(i) “xnw < Hx“l < n"xnao (3 <6<3x 3)
G |, <l <V, (5.742 <6 <3 x3)
Gii) |, <[, <Vnlh|, (<3742<3x3)




29

S giall
@iv) “j—;llxlh <[, <M, % x6<3.742 < 6)
. {
@ b, <L b %x3.742<3<3.742)
. 1 1
o L, <, < 1x6<3<s)

. and) Lpan id L OBl
L2l 3 0 201 a0l 5 of (Sl e wip a2ted) AV ¢ 4 Jo
Lgie o3l sl o5y &> 2\Sas \GlS” Finite Dimensional Spaces 55 348 st Y1 ot

DY ol

alx], <, <,

Ao e culy .0 G

Gyl 3A e bt nxn Byhaed Oy R 3 amie plie ga || | Of o5t Jite

3 i 05 (] =[Aprton]) — 3l o] Al of sl p el
! o

T |

P S i Les

O B=0 = |-
cnp A3l O yiall sas 0Y x=0 O 1) Y iy Y liay

@) oo = | ko] =] = || x| = [l }x]
' Ck Glde 1087 3Y Sl

(iii) e + ¥ = 4Gk + ) =[x + ] < | x] + ] = | + |4
CX,Y O g_sSl OUY

DR el e Jra il OB S




S giall 3 dede 30

[l oA b ] 98 x,» ostmin 58 | | e 68 of 31 : i

: oLy
£
X=x-y+y
055G ey
M=lec-n+Ask-A«bl = H-blsk-A M
Glds
y=y-x+x
055 Ly

M=lo-+sdsl-A+H = M-Hsb-4d=k-A4 @

LS I3V s Ol Y (2) ¢ (1) OB UL
el = A | < - 5

lbyd.ﬁ
s of sy

e =A<l + 1A
o U,

e e

Matrix Norm 3 jiall jolis Y—Y4—Y—)

4

I

ol Uil L 135 . 4 % ya00ll e W Shrunk alid) sl Magnification xS (s e
L yi2ll Size i ] \’.\.,,.- L«L,fu O5S 4l i aanill \d Least Upper Bound PrNt
A

, x#0 ; Ao ES\G;L;




31 SN giaalt

t oy gl

OV cm X n Byian 4 E
lleHl}
Al = max
I, [ "

|4,

|l =':‘35{ I, )
. -

A
4], = max 2 Jai )

i=1

Sdastl @ god Bds Zad U

Maximum Absolute Column Sum

l4l,, =max ) Ja;| (@
J=1
Maximum Absolute Row Sum

Ui pddi § sl 23 o (Deif .S, 1982,0.23) AS™ 3] UYL gl £, o f
il = Uiy i) 6 phald 200 ol o Slaplan Jf arla=Y b3y 4], — e
A phan 108 Y O ) It of Ll axglt 25,01 ey o (I U

P A=4

mxn

, L
@ |, <ml4, @) =, <. <V,

Lo oL
i) =, <l <mldl, @ Tl <[4 <4,



W giaall (§ dauda 32

: dale da>Se
el W e e (T JTL I3 &l oy Tl Bz 1) (355 2lad) UM OF oY
oY Wy Laah Uy Laf g Y el 0B el B b gial) e {4}

nmaxl 'JI |, >max| U{ GRS

Jsp A polis o paie IS7 O 13] Jadby 13 inall (1) Jys @b yhual a6l olde 0B
c ol paall ottt O lde Lag ey el )

o] sl of <t < Jes

Doy

Dol Gy s

VIS '(xeC",AeC”'X") x Y ab QWL

== = <]l

(@eC) v tin 15 @ o o =[affld] of <t 2 Jlee

Ry |

o 4] _

e =m0 bl

g

s Bl ol o o : Jea

D WY

[+ By = | + B < o] + ] < ] + [ e] = (] + 300

ob JuL




33

< piall
4 + B)x| -
<[4 +|{B n
PR
o
e + B
A + B =max 2)
4+ B = max =y

s ol sl o ) +]|B] aed oz yi |4+B| et @) (1) s

4+ B <]4] +[5|

s <]l of < - Jes

RS
(B = ||| < | 4| B < | 4] | Bl ]
ob Julb
4] _
———<|Al\B
o sl
03}

5] = max K42 < g

=0 |

=1 ol el Juwe

: QUj\
|7l = maxH_mlax1=1
SN EE
: QL}'?\
L B I O S el O

Al




S gialt § dsdie 34

(1Al -let] sl - ] of <t Jea

g ]
&)
A=A-B+B
05 gy
l4l=lca-B)+ B <|4-B|+|8] = |4]-|B|<]|4- 5| )
SUis
B=B-A+4
05 Ly

|8l =B~ )+ d|<|B-4|+|4] = |Bl-|4<|B-4=|4-8] @
Do 1)) e Oz Y (2) ¢ (1) 0B ULy
|14~ 18] <]l - B

:l?pb
s ol by

|4~ B <l4] + ]

|4l 8l <4 - Bl =< ] + 18]

SV L W Al S danY

M 4] < ] W Jedl=lollq
i) 4+ B <] 5] v 48] <] 48]
w et vy a2 )4
i) a-B2||4-t8l| i) 4B <))+ |




35 U gieall

O e Al 7o B Vi RO [

W) |

A =ddnd (DN ) -
LA Y= 1A o

: darde

:&abu&w&;;ﬂs&g&,uldﬂl

C koo Ls elby 45 50 ol uTs Ve 4] <1 o1y ¢

Ckooo s ellsy 4 5w OfusTh Y e 0B 421 05718 *

L¢3 .. (Nen Noble & el , 1977, p.167) JW Jubi i=U
0.1 02
A=
[0.3 0.4}

[l =06 . |4, =07

T oL
DLt W3y iy &5 e a5l OF 2,1 ey (8 13 Jim 4" =0 0§ |d|, <1 oY,
—>®
06 0.5
A=
~0.1 12

=17 =13

& oWy . e ,A4,43,A2

’

L'.l.w.z-\bl) . (G,U)ux.lfi;j\ Z_;)J.U .ﬂﬂ)Jxﬂjb C-Q\)S\)A\.l.b)) A 5o diw:u’j.}j
06 05
A=
{—0.18 1.2}

=17, =138

op

C A 50 O ad 3y M eds Jid A% oo Ob el OB




clgiall g batia 36

I <1 0%

s

A =

Doy
cx=0 M s T+ P)x=0 Dsbaald o I JH1 017 13) Jadb g 13) 335 & 0,55 ( + P)

03 ¢« x==Px Oly (I+P)x=0 0l joji Le>
Fl=lpd <Pl = JPI21

£ oYy . q")w RIRTE" "P”<1 ng

B=(I+P)"
oL
I=B(+P)=B+BP = 1=|B+BP|<|B||I +P|<|B|1+]|P|
Dol ‘_}ULJ
1
18]z — )
o
o sllis”
B=1-BP = |B|=|I-BP|<1+|BP|<1+|B]|P|
o JU
180 - P)<1
Qf <=;f
o ‘
Bl<— @
=

Of g2 (2) 5 (1) oo



37

W dall
C’M
1.1 -06
A=
{0.8 0.9]
ol
t 0] [0.1 -06
A=I1+P= +
o J*los Cou)
of gt Lginy

I1PZl, =09 = |P|<1

ob Cbb i plisianly g

0.563=—L < 4] <10= 1
1+0.9 o 1-09
s ol L\agt sy
|4, =17
CJT)

7], 2L =5 = 0382

s dg s

\5&_Jc55&_péAODnXmMO&MR(A&)

a =“A‘]R" <1 eIy
[R] <[] Bl
Uy 83l p2 0T A+ROP

e

DY

a=[4aR|<1 S s
A+R=A( +P) o6
P=4"'R &

OSy (JPl<1 OV ) 83Ls & (I+ P) OB ¢ UL ahim 0 S g



U giall (3 Leuda 38

1

l-a

o

S
(A+R)'=u+p)ta?!
055 e
-«

ool

n
3la pe (I+P) O et (ZIPU]<1,V1} “L:‘-nx"l&fﬁﬁwPOTu'pplzdb
Jj=1

R > {
i 3 L LS a3 b (14 P) O on Mg [P <1 Of gm P 8kl o b2l

"

40l e |a,1]>i]a,j| V0| SV G Wl X on A e B ghan 4 OF 1 Jle
J=1
J#i

Bl

. Diagonally Dominant i)l iags B 0da 3 4 0,40l o la 40 puda

Doy
A=1+P £>
P=A-1 RY
Pg/:a{/=f¢J>P1,=a,,—lVi , o ‘___L\:Jb}
1Pl =lai =11+ D lay] Uil

s

J#i

Jlap D tig P, <1 Wha 130




39

OV gialt

n
]ai,- —1| +Z|a’f| <1
J=1

J=i

il|a,,| S of of
<

Ji
Ny
l=1-a; +a; :>|1| =|(1—-a,.,- )+a,~,-| s]l—ai,-|+|a,,-| =|a,»,~ —1|+|a,«,-|
of gf

“n n
Z|a,-j| <|a,,. —1|+|a,-,-}—|a,-,- —1| =|a,»,-|:>|a,»,-| > ZIGU-I
J=1 J=1

J#i

Ji

Cals e 4 of

Kroncker Product 553, < 2 Ye=Y—)

P VS Gl T iy e s LSs

J_',Sj); S‘JJ-—:P D\} Bpxq = lby] dt., Amxn = laij

a“B al2B s alnB

a@p=|f @B v B

. amlB aMZB amnB ‘
A®B 09 éhj\-jj ¢« pxq .5&»,91 W a;jB Z..&JQEMJS'J
. (mp)x(nq) 3\&&% W

12 -1 4 , ;o
Ay = , By, = Hea
2 {3 4} 22 [2 —3} e

oL

5




cth gieall (3 deia

(1©8),, | L | 2 -3 4 -6
AT 4] 4[.—1 4J_—3 12 -4 16 |

A g@a@ 4= 4@ 48 = e 4
. (Amxn .Cnxr)[k] = A[A] .C[k] o \"'; bl \'&'z}
. (Barnett S., 1979 (,f'fh J.<.c_) bl ol gt eds Al J)Lﬁ_ of oW P

3_2 -3 |12 -3 6 -9 8 -—12
Ot
R I |
(B® A)yq = 2[1 2}_ ) [1 2] 12 4 -3 -6
ER 3 4 6 8 -9 -12
B ILE Nl
5 LYY A® B ol (5 BV p L BOA ol Sy A®B#B®A (i)
’ bl o B O Al non-commutativity JIY! A e OB QWL y ¢ (Slais
sty Dl 3 ey S g S5 S o 3 e LS G
Cesil 3 Se 0y (4®B) AT @B (i)
(4®B) 24" @B (Gii)
A®(B+C)=A®B+ARC (iv)
A®(B®C)=(4®B)®C (v)
Sl ol o (8) o (4,0, @ B, )o(C ®D,,)= (40C)8 (B2 D) (v)
I RVIVING
D=A®1,+1,®B" O 13) Hhead
DP=A®1,+240B" +1, ®(BT)2 ol
:»5;3“5 Kroncker powers 5535 (s J,u) (vii)
ARl - @



41

U ghaall

: Determinants <N\ ¥y —Y—

: dadds
sl iy adly ¢ determinant 3424 M@Lﬁawuw\;z: Byian IS
¢ (Deif A.S,. 1982 JLl L. é;)é.;f)permutations ool b e e sdsll
..o.x_,:wsH@\M‘,Ww@uouu—u@@ﬁ@,ﬁmﬂ,
Sos o il s 3 Wy p O g 8T (5 0 G ey 50l Wl iy ¢ s IS,

a0 Sl ginall e V) a3 e Y s of Sl g S

d
o bl ol o ey s gl ) ad - b Rl dy

el ke 252 A 1 0 A{” b} B gicalt 5
C

2
<S5 aed

Ag[z ﬂ = detA=|A|’=.Z 3'=(3X7)-(2X6)=21—_12=9

. cofactors | ) 3 b -8 Ut b

mmorjuﬂ&
Au,n.alluog;)bfhy.mgh&pw

1 4 -1 ,
A=|2 0 2 ICHUGH T
31 3
ol
1 4 1 -1 4 -1
:_8 :4 R =8
2 0 2 2 0 2
20 2 2 -0 2
=2 =0 =-2
31 33 1 3



S ghaall 3 dackie 42

LA L-y ’ 4 -1
301 303 1 3

. Slanll 4 0 yiaall 22 15N o3 Al u,};is‘;w,g;

: duaeld
n b O ey nxn it o dag i ghalt Ol ¢ Bt
C)\J__:.ni‘ FRVY LL;J‘J (n~1)x(n-1) ZJJ.“ 1R GJIJ;;A]:“}»
o=t a; )—-Aéd‘(.}\_.gﬁog_m! jé}aﬂ’ji@\dbaﬁ

M, A eng a3 iali

g

JJ‘-‘JJA;c axn &SN opp dape A ghan A:[aijj SIS 13}
Dl a, Aeill) 1S3t & e cofactor of a; el
auz(—ly*fMi/

1 4 -1} .
PpA=12 00 2 ) el e JUl) b Jab
31 3
@ =-2 , ap=0 , o =2

a2|'~:"l3 ) a22=6 5 (1237-11
a3,=8 R a32="4 5 a33="’8

Cnxn & T e B yhan st aaz Gy s WSS OV
Y TP
s 1 g 5 o A=y B il i
aall da ols o eis IS G puay Sy 0,k 5 ges sl 4
L) wil gl .. Rl Jol o azr oF dale (35041 oy
D Al e




43 <l yiall

;
FFAl =)0 t Aty taptz e + Qi = Z\aikaik
k=1
Jogeall e Shdly of
n
|A| =40, + a0y +ay 0+ +a,Q, = Zakjakj
k=1
, 1 4 -1
o AL S5 gy Jawd B ganall o suf R O A=12 0 2 | oS3 ¢ Maed
31 3

D (Y )
14| = ey, + @ay; + (=Dayz = 1)(=2) + (4)(0) + (~1)(2) = 4
rLFJ)_.aJ-\JAJ.JY C)Y&\@n\éj 3.’-\.;\ FEI|] Q'Jja.jb b.kg\d,udj& OT@)LE.S\ &5";)
Doy sasl
JF G sasldl oy olall ol LY saslyy w Lo oooastt &b (3 soeall adeadl 3 k)1 -

P YISy el 3 el (1) e

+ - 4+ - 4+
+ - + -
+ -+ - 4+ - o+
+ - -+ - +
R , , =+ =+
- 4, + -+ -
x2 + -+ -+ - + -
3x3 -+ — +
4x4 + -+ - +
5%5

El . . £ .
Mead .. eazal) Led el e SlaeYl 3 Loy 3aels dot 5 ul B ey L, 1S

—11— 4)0 1+(2)3 l+(1
7_(—32 1ot

s w

—
WilN O

3 0
B 3)]=(—4)(—3)+(2)(7)+(1)(9)=35



3
4 2 3.0 30
_41 =(l)‘_1 3|+(1)|_1 3|+(2)| 4 2| = (D4 +DO) +(2)(6) =35
SIS .. 1S

1 05 2
i E B S 1 5 20 oo 1 5 2
3 0 4 l=(0) ......... +(@3 4 Y+ - e +(D-1 1 0/=-96
_y T Lol b -2 1 31 |- e 3 ‘4 1

o 34 ST Jo s 58 G el ) il Jlarzaly bl jlass) Sk of Sy
RN

: Properties of Determinants CdUS ol

SuS1 O ol &5 siall (Basi gy Do Ty a,ss
L 2) A
SIS ded O « b 3u2 o (oe3ges sy ne Jud £ L 13




45 S piall

S
s &5 by S 30BN 5,L8] O (o3 penll) (ndead) pdn Wy L 13) 4 o (2) Al
Of 4 Lgin y 3ust]
=44 = |4-0
12 3
A=|1 2 3| = |4=0

4 -5 6

NUCRPS

L (4) bl
e Ly pae L 3 (Bukesl gl B ghos S OIS 134
T b ol A Al a0 o S WA ia

Aayy Aapy

B:F.a” lalz} - 1B| _
a1 4n a1 an
= (4ay Xaz) - (Aay; Xaz1) = Mayan, - aypay) = 1|Al
cnas, @Y pely oYy . A=le)

¥

Meod

N

I

—_

Il

~J

=

i

N o
—_

eIl O
|
—

w IS
[\
|
—_
w
[ 3]
N
[\®]
w
N

|




ol ghaall G dadda

46

Doy

s et QW o J5 e 1 ke Sle A sy 03y (4) dpnlht Jlamtaly SUY) o3

6
A=|8
-2

0 2

6 2

30 1
4 -2[=02P|4 2 -1=280
-1 3 2
=35

LR Ead

1 (6) Aol |
ol § GhesVl) D yidll dol pols fal e &y M?
IS 13 4l (6T . | (6 gy bn B o (D408) i
OB d=lo|

Apn-1)2

)

n
Z auay = |4
=] '

OB m=k <51y

- M, Ll el Ay Jdaes Les

Lla:-\.a\)&.b



47 < ghaall

M,=a, , r=k

opguu,(qu)wowsuot‘;i)AJ,A.pwiumtutwg:usop

0{;}
a=la)],, . B=lnl,,
o
by = ay + Aay, , bj=a;i#k

A4 Wk Ciall e [B] sustl b azeb
|B| = Zbklakl Z ay + Ay Jay = Zaldald +ZM 1@ =4
=t =t
=] AI =0

- (6) Aol SLIYY (3 Loz if

M
10 1 1 0 1 101 ‘
2 3 4= 2 3 4 =12 3 4=0
4 3 6 [@m+2 @0)+3 @W+4 [2 3 4

(I B




o gaal) 3 dadds 48

RS

gy (i ciall e iy |4] sty 034 B =[b )= 4T <oy A=lg,] <oy
@ ETSUNPERULLE ]B|-=|AT|

n n ’ n
= 3 sl =[ ] = S = S uae =4
k=1 ‘ k=i i=l

B adast 35, BUL ol Julye i U 4 O yio 3 woluall OY &l

Seod
145 123
A={2 0 6] = B=4"=|4 01
310 560
Ly

|4 = (-6)-4(-18)+5(2) = -6+ 72 +10 =76
|B] = 1(~6) —4(-18) + 5(2) = -6+ 72 +10 = 76 = | 4|

1 (9) LolF
OB (n) 33 i 0 1m0 b ghas B g 4 OIS 13)

A8 =413

. (Nearing E.D., 1967) 3 &Y ) t6,ul el

: (10) o\
OP iy ciaal a; =3, +b,; <S5 13}

[AI = 'Zl+ lBl

iM\J‘.\,wc.Azs,u\a.z;umM\“. A &
A gt i) B ghall 2 B W yinally G @il 4 o0
- by el A gl dieall izt

I



49

S giaall

0+6 1+3

B 1

3

. ( Deif 4.5.,1982, p.16 ) 3 WY 4} s of g Je

PO
2
dpx 2 12 w1 o inx - 2eF +1-2xe*
dcle* Inxl €* Inx |ef Vx
d x 2x 3 1 2 0 x 2x 3 x 2x 3
-;0 & =0 & x*[+]0 & 2x|+{0 & xP
e 0 Inxl [ 0 Inxl [ 0 Inx [ 0 I/x
Sy
P OUS! Jo Dl

of (b gy < (V)

a+x r—x Xx a r x
b+y s-y y=tb s ¥
c+z t-z z| |lc t z

IR ]
a+x r-x x| {(a+x)-x r-x : ‘

b+y s-y y=(b+y)-y s-y
c+z t—-z z| |((c+2)~2z t-z

N e M
it
6 o8

r—-
$ -
1~

N e x
N e ®



S giaall (3 dotie 50

a (r-x)+x x| |la r x

a r—x Xx
b s-y y=lb (s-y)+y y=ib s y
¢ t-z z| |[¢ (=-2)+z z{ |c t z

of (e 03y <31 (1)

2a  3r x ar x
4b  6s 2y|=(-12)}b s y
|=2¢ -3t -z c t z

: Q\;’j\

(@) dja Jolo o = U3 paall 0 (3) Djds Yl I ssmall e 2) Sjtn Jols i,
DI aall e (D) Sk ey SW Ll

2a  3r x ‘a 3r X
4 65 2pl=Q)26 6s 2y
—2c -3 -z —c -3t -z

r
=(2Q)3)26 25 2y
-c -t -:z
a r x

=@ b s ¥

-Cc -

=

a r

=QB3ADb s

—
v

a r x
=(-12)}b s y
c t =z




51 < giall

of (L 0y 5 ()

a-3b r-3s x-3y a r
b-2c s-2t y-2z|=5b s
5¢c 5t 5z c t

e =

gy |

DI Gl e (5) B Jols dsl Y

a-3b r-3s x-3y a-3b r-3s x-3y
b-2¢ s-2t y-2z|=5b-2c s-2t y-2z
5¢ 5t 5z c t z

L:gtﬂ\@.ﬂ\\;gdw!ﬂ\wﬁ'

a-3b r-3s x-3y a-3b r-3s x-3y
Sb=2¢ s-2t y-2-=5 b s y

C¢ t z ¢ t z

Do sl ey JsW Caadt 4y S Cal Juad O pnst ;ﬁ,-.i)"

a-3b r-3s x-3y a r x
51 b s vy [=5b s y
¢ t = c t =z

il ol o Jole pa il B yaall sag Of o) (8)

Uk [}
:S)W\J;a.;l:.i.i)dw)ita
r A
ay di ot Qe a,
0 ay Ayn-1) Ay
A=] 0 0
0 0 a(n—l)(n'—l) a(n-l)n
L 0 0 0 aIlll J

D aall e A



82

S gial! § dais
9 %42 0 ey An G 42 By A,
0 ayn - apy a, 0 ay - Guy |
l4=l0 o0 =a,l0 O
0 0 - Guayn-1y Fn-iyn 0 o Ap-2)n-2) Hn-2)n-1)
0 0 . 0 a,m O 0 M 0 a(n_‘x”,.,)
D) Caall e L o
a, 4Gy v Hpop 4,
0 ap - Gy dn
lAl;-anna(n‘l)(n-‘l) 0 0
0 0 - @uayn-3) Yn-3xn-2)
0 0 s 0 a(n_zxn»z)

VLV I B W PRSI WN ORI 1 B (PO
=TT
i=1
ol & _,),I___..mJ,‘\)s.a el e S Ly it R W phaal] Ll SIS
yu@iﬁxﬂ@w@u&cﬁ‘wm@swuu Ui iy Jadll @ gieal)

10 -6 -9
6 -5 -7 1.._.5.».-)? ®
~-10 9 12

D g

U W Gl e (B) St ol Bl 8 Il e Sy W il pat ¥

10 -6 -9 10 -6 -9 [i0 -6 -3
6 -5 -7={6 -5 -7j=36 -5 -7
=109 12y jo 3 3| fo 1 1

» %

DI e s pandl



53

<l ghall

10 -6 -3 |16 -6 -3
36 -5 -7|=36 -5 -2=3(—1)(

=-3(20+18)=6
6
o 1 1| |0 1 o 2

10 —3‘

JaY U e Ble Oy F PY—Y—)

: Lm\ P ol B g 4 co\S 13 & <l (V)
ol B,SS BT 447! (i) ol G BT 4 AT (i)
(el UG By 4! (iv) ol U, BT g4 (i)

i ge Bemee Sslm g o oI UG BT 44" (v)

D oY
4oy AB=BA 03} « O} B 4 4

(i) (4B) =(B4) = BAT =4"BT
Okdiag BT 4 AT of f
(ii) (4B)' = (B4)' = Bla'=4"'B"!

(i) B'A=B'ABB™' =B'BAB! = AB™!

' .okdy) B! ).A of i

ot gl Y el by J £ (v) S dily L (i) Joe ¢p (iv) = 4--Jb i -
i CRCI I WS o C“’L U3y 4"B=BA" of <l (Mathematical Induction

L lay dB=B4 in=1 s *

1A 3 O g ) w2l A"B=BA" Zn=k.\;§¢iiu’oﬂ *

=BA

J_.S-Z_.deg‘;_u L& n=k MWQP\@K\%MPL}\;}L)
A T 00 S B =1 L e 3l O Cmy n=k+1

Oidf-le’-'}‘w\nr.,ic_,h~



b yheall (3 dode 54

A"B = BA"
Ao Ul Gl 1 08 pead

PB 3 (U g o) Bl A"BY =BR AT m=k ke &l o jay K

Aan+1=AanB=BkAnB=BkBAn=Bk+1An
— bm—
=BkAn =BAH

A s O S Ll m=k e donmeo & Bl ST 13) W JUL

A"B™ =B" 4"

b)ﬂW\ nm r}@*

e bl &b shnall OB i y () U gdean B g 4 o JST S B T ) ()
344 H=A+iB

A =4

I+ (A"B)Z’
A e Sme sy A

e Wy ]

£

OB JWLy BT = H 03] ¢ iz pp @ yinas H Ol
(4+iBY" =4+iB = 4" -iB"=4+iB
35 yanan B{)fg_sf) B=-8" ofj(alju;. i yiz0 A Qfgf) Ad=4" of &g;}@\a}b 1da
' DALy L (LI At
HH" =(4+iBYA+iBY = (A+iB)(AT +iBT)= (4+iBYA-iB)= 4> + B* + {(BA— AB)
= A2+ B* (8 34

July



55 <\ gialt
‘HHT[ = ‘A2 + le m

oSNy

| = ") = =
DO A7 5 B OISy ol AT 54 0Y) Ladly

A+ B =4+ 42a [ B = AZ(I +(A”‘)2B2) = A2(1 + (A”‘B)z)
Dokl ) e (1) @ el 03

I+ (A"IBH

[H[" =|4

Dl A =TD, T 0B ¢ TAT = D, = diag(Ay,Ay,4,) 08 B &l <dl ()

Dy = diag(/l’;‘ ,Xfl, ------ ,A’,‘,)
e
T'AT =D, = A=TD,T"
Jult
A=A A A A
ktimes
of
A =1p, 7 D, 7'\ TD, T TD, T =TD,D; Dy -+ D,7"! =7(D, )T
TaA = _::/1 A ‘"" A AR A - p
ktimes ktimes
=TD, T (Sl

) = () o gl e

Do

di»;.y-

)=



U gaaall  Ledda . 56

T g o e oty 03
[y ale) =) = () la] = (T
Wy . ok 47 440N )

('] =)

s Laf 0,5 (e y 0y AT O ableze 4 Byaall T3 T ) (0)

Do

aa' =1 = (4 =1 = (A")T(AT)=1
AT @ o e ol
W) =) = () =)' = 4 |

AL B paal Bl 3 ey Sall Sl dmvs pr ST Janzey o a0t L 0 3D ke

. tr(Amxn -'anm) = tr(Bmxn ' Anxm) di ":"‘;! (‘)

%y |

£
A =lay| » Bus=lty] © Coxw=AB=le;] . D,.,=BA=|d,]
HINEY]
m :
cl_z wby du_z k Ay
k=1 k=1
SRS

r(4B) =)= ¢, =3 Y aety, )



57

< ginall
n n m
tr(BA):tr(D): d, = Zb,-," a,; ' )]
j=1 i=l k=l
1) 3 ek ke &
”(BA) = ”'(D): byay, = Z ay by 3
i=1 k=1 i=l k=l
tr(4B) = tr(BA) ol mu (3) 5 (1) ;,;;

(real —ii> 4> sty A (skew-symmetric) LI s 3 yian Y af ) )

x"Ax=0 ol « x vecror)

RS |
C)
W Ax=a (1)

0 0E e Bl (1) B e L (i § sl Wt OU O glall ) Blie 38 @ G
' ot e r P
POl pmaed (4] =4 ) SILIL Wl

(x‘l.Ax)l =a'=a = A'x=a=>x'Ax=-a )

s of 4;‘.1(2),(1)@4.)‘

2(x4"Ax)= 0 , x'Ax=0

c(A+BY =4"+B" Ol (A

) PSS
A=Ia,_,]' ’ B=lb4'/'.| g
A+B=la” +b(/] 03}
Jul

[A + B]I' = [au +b; ]l = [a_,-, +vb_/l]= [aji]+ [b_,,]= A"+ B




A giall (3 Aods 58

A =R OB R Rtie ST (sl n a5, e A A e Bgian sV WT ) (4)
gy |
03} A =|ay] g5

i=lka,] = |kd|=lka,] = k- ktk kokokeookla,] =474

ides ¢ A4 uicAu,iﬁl\,&uc,egkww\qwlq,@wggmofby
RV QENE RV I JHIPIRTR Y FONT U

1-i
. (normalize it ) 9> 3 4z ) d - o5 I-IH ol Jyb s ol (4 0)
0
1-i
03} ¢ x= 1:;‘ g3
0
1-i
B =xx=(ri 21 o) T lm2424100=5 > o=
0
- July
a-i/5) 1-i
R Q+i/Vs|_ 1| 1
"M s | s)1
0 Lo

 xeC" 3 acC S far=lafld o <t (OY)

L

I =Vx"x = fox| = a'x e = Ja'a s x—lall\xﬂ

-




< giaall

mw@orthonormali&):azj)"waﬁ G=1-2ww @ ,iall of et Qh))
(M =1 ) s N b

D oW

G =1-2ww =G" =(1-2ww" | ;1-2(wa)T =12 fw =1-2ww" =G

. é\;‘jb)
GG" =|i - 2ww” |1 - 20w |= 1 - 20w” — 2w + dwnT

=1—4ww’ +4w“w“2wT =I-4ww’ +4ww’ =1

S~ ya B yiras G O3)

nonsingular diagonal matrix 35\s pé ¥ Jab 3 yiras & D=(]+A)’1 A 8 Sh»)
L8R b B ian ¢ Y A sl SO A Bl e b2 e L

D J
D=(I+4'4 = (1+4)D=4 = D+AD=4
D=A-AD = A(I-D)=D

=  A=D(I-D)'

U

P dWy « D=[d,] ¢ Sy

1_D=[1_dii]
. HSy
) ]
I-DY'=
- ) [1-d,,]
JuL
) _ d.
D(I - DY =| —i-
(t-p) [ld]
vy o o

i peed I3y dy 21 0S0 OF £ s B yian 4 0,5 (ST S




gl § ke o

of et (V6)
;f,° =14 o
L
]
g—;rg- fIA[-IC] (i)
Ay, Ay NS 585 gor ge Al"]‘l oS 13} el :41‘_.:."3‘2 'IAIIAZZ “A21A12| (iii)
21 |

. Commute pz\)

Sy
|
0
ip ‘..9) b)....a.ﬂ J‘ Jo-Yl .>}..;J\ —"";— st gla Leo 6)]
tip
AL o__._____| \
‘10 0 0 0 _A_JI_T___O___g______O_
10 1 0 0 0 o 1 o 0
A0 Bi 0 0 1 0 0 5o o 1 0
e — 1
Bf],, to 0 0 1 .. o=
H H [
i : 0 0 0 - 1
100 0 0 - 1 | ——
! s i (p=Dcolumns
! pcolumns
AL 0.____|
! 0770
10 1 - 0
=B
1
E() 0 --- 1
—_—
: (p—2)columns
DS 1 ez
| 0
S oo - -
Bf/,, = (DA --- (1) :‘1 ‘Al

(p-1)times

NN |:—-r-—-i| Byaall P2 LSe (i

4,0
i

B C

i

0:C

gInes

filerd



o1 , : b giall

D Of it (1) £ 53 Ol plasanl

Al O
414
BiC
. A e ___'!.__._ :.._ p L....“ All :AIZ e s .
Phe Juas Ll el L I R i e e T o I (1)
= Ay (1 Ay | Axn

o all sadi dsly ¢ Judly

A’.’Z - AZlAl_ll A\Z‘

1]
g b

Ladsaet Lo 5] o llalt e Jad W ¢ |1 =1 Sy . (i) s 3 il plaszaly g
i;).p)h.b)ft.h

p ol (b O34 <) (19)

a, a1l bcd
5> b 1 acd
, =(a-b)a-c)a-dXb-clb-dXc-d)
¢ ¢ 1 abd
d> d 1 abc

AR
(I - guy W al (G Gl - S8 Gl — S5 Gl Sl
: c\jh il J;, ;@y\} (C"«’h - du‘) —_ M‘)

bed a-b> a-b 0 bed-acd

a a |

B2 b 1 acd |BP-c* b-c 0 acd-abd
A=c7 | abd—__cz—d2 c—d 0 abd-abc

d*> d 1 abc d’ d 1 abe

a®-b* a-b bcd-acd| |(a-b)a+b) a-b -cd(a-b)
=—1,b'~_c2 b-c acd-abd|=-{(b-c)b+c) b-c -ad(b-c)
-d> ¢c-d abd-abel |(c-dc+d) c-d —-ab(c-d)



il (3

Ardds
a+b 1
=(u-b)b-c)c-d)b+c¢ 1
c+d |

62

cd
ad
ab

e sy (U - gy W (W - 05 o Y Ceadt Sl 5

a-c¢ 0
A=(a-b)b-cc-d)lb-d 0
c+d l
a-c

=-lWa-b)b-c)c-
(@=b)b-cNe-a),

=(a—b)b-cc—dY)a-c)b- d)} d"
a

a -

{

[24

a

a+b

a a
a a+b a
a a a+b ---
a a a
a
-b
a+ b a
a a+h -

a

a

sedEN Laall

~d(a-c)
—a(b-d)
ab

—d(a-c)
—a(b-d)

1
1

Dol (&8 o) <l (VYY)

a =b"'l(na+b)
a+b’HXIl

RSy |

Y CRITIE S — S caall Jlazaly *
a
.0
a
a

a+b

DA - Sy I el Szt e



63

N ghal!
a+b a a a a
0 b ~-b 0 0
0 0 -b 0
a a a a+b a
a a a a - a+}

el el Pz y NSy e (el - ) s )Y e Szt oS

D (npdy aall ~ (n-1) o3, Cavall)

a+b a a a - a
0 b —b 0 oo 0
0 0 b —b e 0
0 0 0 - b —b
a a a a --a a+b
DAY ) () Y Sl
a+b a a a - a
60 b -6 0 0
0 0 b =~b 0
0 0 0 b a
-6 0 0 O b
((n 3y W s penll 4 J Y 5 aall ) g SV s panll izt ¥
2a+b a a a - a
0 b -6 06 - O
0 0 b -6 - 0
P 3
0 0o 0 0 - b

:(n-l(.j)ﬁ.::-‘){(g},_j;”dl+gwl ’M')—*@w|’)““ Izl ¥



SUiall § daude
3a+b a a a a
0 b -b 0 0
0 0 -
A b b 0
-b -b
0 b -b
0 0O 0 o0 b
Coldadll b Lyg( 2 ) 3 pasdl £ IS panll Y I s el Jlazaly ¥
na+b a a a - a
0 b -b 0 - 0
0 0 b —b -
A= b 0
- b -b
6o 0 o0 - b

L_s\.MJ‘M\ﬁuq)@quf}&il»;Oﬁrjw)c:teili.ﬁli_,dwgh)
2 of

A= (na+bp"!
- GUL ol ya
S(a=lb=-An=4 ) Gl 5 Lol S W pude

=(@-a)f-af

(A oWl y (i oda A cd ol 3 sy 1y



8 <l yinall

N QU e it Y-y

DA e Rk Wi Y W) o

LIl Wlaze Byhan (4-AT) () . Wz Byhas (44 47) (i)

C(ABY = BTAT O il Ge B, A o pheaald BA ol ol O 13
.Aw\aa.;Jl\uMQu\g&w\.;}\JJ@\;%\MJT

A RS L A % phaal) UL e Al e Bl g e b e Al e

- i 1aS 0, x T Ax OB Az e 4 SIS 1) )

CAWleze Slhyias ATA 5 AAT 0,55 A B shan Y ol

C AL Wtz Aleze 4 B pinall S8 L] ALz 0,55 47 OF el
P igian Y 2y i s Lad 0,5 PTAP OF il ¢ ame s 4 il )
CCim T ) R s i SO L3 LI da e 0,55 4 OF e

(B-kl) 5 (A— k) <58 ko ab 3y 13} ol USG A, B oyl OF )
kLAl ) et U3y i

. BA=B s AB=A 05 W13 O, 4, B ol o)

c__N:J_;JQ:,U':) (1+A)’=1+(2"—1)A NI T C LR Y G|

N e
(I -A I+ A)=0 O kb 13y 5 5»;}5\ Badie 0,5 4 0l et
cos e USS LI - ) s L1+ 4) 0B s L adae 4 ST af o)

DOB N AT, e ke Byhane VoIS

(F+V) =1V ¥ 29 g (1)

M

)
(")
()
®)
Q)
V)
"
Q)

(QRD!

Y

AN

A
QR)!

Vo)



Cith ginall 3 dankie 66

AW e (VY

o{T aT) =04 (i) (4 +B)=r(A)+ r(B) (D)
(4B =BT Ol eble x4, B IS B Gl S (YY)
C o GG (1= A) s (T a)" O Sl g ye (T 4) <o) (VA

Obbyiaed . B (4+B)A(4-B)=(4-B)A(4+B) ol ol (V)
Ll 4 W ghally Ol e

tOl sl B=PUP SiSy f(A)zagl + @A+t a, A" =0 SIS (V)

m

‘/.(B)=001+a18+ ...... +a‘Bm=O

n

o] [i
H o [} o IS b8 3 paall 3dm gt e s gl (YY)
i| o]

ol <t (YY)

= + D - 2] cose

oo

]
cxy ol w20y xyeR

, Liyz) -4
B.X—J\PQL_*MJQL&)}'PJ‘W'&W -1{,101, —% QW\Q{Q_’,_JL (YT’)
4 3 3

. orthonormal
Cdalaie Lal 055 AB OB ¢ opalaze (b phaan A, B <SlST 13 &f S (Y £
O ¢ orthonormal 34 yiu % yinan 4 <S8 13} &f ) (Y 0)

Comelan UG 4T 47 G 4 =21 ()



67 _ N phalt

<SS (YY)
sind 0 cosé 0
Az[cosa sina} _| 0 sing 0O cosé
cos# 0 —sind 0
0 cosd 0 —siné

-sinf cosé

. adalaze Db yinas O,SG4, B, A7 B! OB

BIC I d
cwdls pf O gias D, B G [-O-'L—D-] % giall o San e sl (YY)
i
530 0x] [t
GO 0RI T L csll - (YA
002 6|x| |0
0 0 3 7]x |5
LR
I
o* Vandermonde V 4 g, 400 B sae A V, =11 4 A Pl IGHUGENG L))
1 4, 2 Vil

Pal=(-24) @
| Wl = (s -t - )| Gib
. ‘Vn] = (’ln - /1"—1X'1n - ’?'n—ZX’?'n _ln—3)'“('?'n '"'i’lan—ll : (:L; :”»)U ("l)

wal= TTG, -4) i

nzj>iz2l
] s dorsety ]y <1 08718 A 0 of et (P
Ao Ln(n-par?

0"
1| =|0 & ni"! ol el (*Y)
A oo Vi

.g__,.:r).cc.:M)J&nw

[=- I = PN
(=



b gieall (3 dakie 68

b yiall s (YY)
. M -1 2 3 4
=230 5 o 21 2
20 0 4 -1 0 3
l 2 4, 0 l 3 5 ,6 0 1 2 1, ......
O V3113 o0 42| 2
= = 00 0 3 4

P S O PP ol ) Hessenberg Matrices T yiem® Ol

Sl b Ll b yinall e Of ) . ( a; =0,Viz j+1

ol b o ) (T

na; +b na,+b, na;+b, a a a
nb+c; nby+c, nb+tc =(n+1Xn2—n-i-1bl b, b
ne + ap ney + a, hnc + as G €6 G

ol cdll @ oz A,x, b polis o Ax=b O 13} (T4)
%, = A7 A4, + Ay 474, T by ~ A, )+ 47,
5w =4, + 4,474, ) b, ~ 4,475, )

3 esdi N e 4, x, b &b yiasd) real parts dhndd-1 s Y & A,.x,b, S
. U yiall odd imaginary parts ) st Y0 & Am>Xm>bm

Lot x, y 07 i 3y 138 [l o =+ of <l (ro)y

Sl gl Gl E G amie v F oy aa~ gl s R T O R A Y
RETAWR]

; {v,.} Slgonall de.LaLg:l\( v0=v—Za,-v,- 5 gl 3) v aomclt J.>.Jf
_ i=1 :

\ 4 \ 4 ‘ &~



69 | ekl sug 5 — Ol yiuald

g.il.:‘.fl <L

de}-TMLW‘FQ@JB&JW\QYAM\J_MﬂuU\\Mg

Jeal sue (g gl S¥olall suey falt sae (5 gy OYalall sae ¢ YUL & syl

ezl Ol el e 42y SOR — # Bals Ol )l B e LS L_;.x; SUis™ ..
. Loae w¥slll (,Jm LR RRW-

oS oY Wb r ST b (5 imverse e Sall pagie 7ty QU Ty
Cj_.b)rankir,).ﬂ\ (’ﬂ""CJ‘:'U" a0y o8 lis” . uﬂjg-d‘ ij._g)}a.n Z._Jai‘ UJL:.UJ’- V:
Wil B> \AY b e ST

RANK AND INVERSE _p SAll g 2 At Y=Y

Tl My ol g IS Y — Y — ¥
Equivalence and Elementary Transformations
Ly)daUS v&; )y A = 0yl Equivalent 154 B % yiae Jo J ottt LSK
M‘M‘OW@JQWSMAJ-B&M\,M(wA Doy pall e
F SV @ el Sldeal) odn y Simple Row Operations

.qUmefjqukaTW&dﬂibf@ .

DS ) Dlzad



idadt Yol : 70

1 2 3
A=|0 2 4
1 0 2
123 5Vl o w5
2 4 6
B={0 2 4|~4
1 0 2
DS ae Lo 4 e J Y el ey
12 3
B,=1 4 7|~4
102
du\wuﬁAwJ}‘Y\.w \‘C,Jh"j
1 2 3
B,=|0 2 4 |~4
0 -2 -1
:AOA@L:}\)J}‘V\M\J\.\,_EJ
0 2 4
1 0 2

JLl b .. agplin & b, Simple Column Operations ilamw)! s Olkes sl 8K

DI s pes an A pr J gV 5 el

I3
B, =|4
2

S NN

1

0f~4

1

¢S yhd WA " WS ) y Equivalence ,nSs e (~ ) @l Of Zd‘v-?uc.n RERLEY)
saesY) 5l ) Ll il Slles Bl SOy« B % 4 G:;:A Wil 3 at w sl
B~ A Jo Jad Uag (k)



71 <l ghall

3 ¢ a3 jial e @55 W3] daed) Gidl lbany dnlu ) S ol oy
Lls ;)_,z Olaall 0 Caliy L suasY Je @85 Lo 13 dandl sdasY Colheny ;..W:Q?'
)Ranki-—?:)-m——-au;«-——«ebﬂé‘:ﬁ‘}bdf% Olaghad) jan g adadl Yo - 3

. Inverse _p» )gd\

Rank of a Matrix 8 aall &> > Y~y —Y

4 yiall (3 Independent Vectors il oolgamill i-k:LyL W il dx y> 2 ;

DOB A Biall s b p=p(d) Sy mxn A5, e 4 B aall SIS QUL
pASngm _,f pAysmsn

Ma 0,5 JWLy ¢ saasY 5l O giall (3 ) p dlizadl Olgmall e p Sls O slias Via
e iy 2l 1da -y . Dependent Vectors sdazall Slganill a (m— p) A (n-p) W
Y

DOB o nxn A5, a bde Nl ka2 [, ST BL ()

Cipd aead dy 20 SIS 50 axn A e kb Byhae 2 D, SN (i)

lESIY)

£

0B gt U, 20 SISy nxn A5y e e 3t Byhas o U, SSBL (i)

DO

(..éc_-ul\—l”;t() S s ¢ nxn “*‘)J‘J—"*d‘""ﬁ“’-‘& L, <813 (iv)

D OB & e Byhar A O IS (V)



i1 Yl

(vi)

A B yieae Y
p4)=plA7)

DA Bgieas Y (vid)
p(g) = p(4)

DU el ydl e pest L) Wl (5l Loy

p(4) < min{m,n} OY « A=4,,, I h&i ,
pl4+B)< p(A)+ p(B)
B J_}L’ 348 1 o> p(AB) 2 p(A)+ p(B)—n

:4_1_0__ (A)+ p(B
pO:B = p(4) + p(B)

p(4B) < min{p(4), p(B)}

b m>n NS y4=4,,,,B=B,,, <SS 13
CCESY Jaad 0 i Sl ) 33 0 5 BA @ shuall
Lwlis 1S o Co> plad) = p(4)

33 08447 O« m>n OS yd=4, , IS 13

B3 18 O AAT OB ¢ p(dyn)=m<n S 3]

Obd ¢ AB=0 OLS 34 =

p(A)+ p(B)<n
pla74)= pla) (V)

)
("
M)
%)

(%)

Q)

_(V),,
P(AB) = p(B) O 83y pb 4 &I 18] (A 9)]f -
p(A-B)2 p(4)- p(B) (Y1)

p(AB) + p(BC) < p(B) + p(ABC) () 1'.);
AppsB = B, IS 13 (a.\')"

72



73

S gialt

Ayl dorys 2181 3k Y-Y -V -y
Doy A plasanly —

ALY Aslall o 23y

min {n,m}
ax; =0

i=]

Sl sae B e S A ey 4 Bginall (aast gy B4ie o ]} Com
NEXVSTRRT S AR PSR ICICCPR PV PR TR B THIRT

13 1
2 -1 -5 .
. A= B yanall dor )3 dor gl ¢ Jle
-3 2 8
4 1 -7,
g
Cp(A) <3 0B ¢ n(=3) sV s e ST m(= 4) O 4aadl sue OF e JasY
PoYsldl sy
1 3 1 0
20, 11 -5 (o
(24 a +a =
Mo T 2| 8] (o
4 ] -7) {0
a=2 , ay=-1 , ay=1 of ad

(s et ) a0y 3 o Bl of T L el Lyl asl w18y
Cp(A) 23 0f s e Dl gl oy olazel Hligh WLy Akl Aslall Gad

3 1
og44upj(?|su) —21 el Jo ez ¥ _85 “*‘-‘(Jm‘g}:wg}’)ﬂ;
1 -7 :

. p(A) =2

Ahes by Bno A 2y 0 Sl Ul 3 OVl o o dass Wl 42
oSl g



ikl YW

Minorsca‘,zqni\‘jg,byli,iqal‘l»)::léj_g
e il ghaag e dty B e O 13) p dor 0 U 0,50 A daall pb A B pisall
sl 0555 pAT 4, o i Wsa S Ly il (S slY P 35

B giall ey el J

w W N

N S W
C.
£

s
- PlA)<3 0B oS ey |4 =0 ()

DSl A ae bt ST Al (i)

1 2041 3111 4t 3
N 5 s g elc
A

A =2 0P o oy ¢ e (S g L dmly Y1 e Blia o a4

1 2 -3 4 '
CA=3 -1 20 1| Wil oy don gl o e
1 -5 8 -7

T

Dot Gaet OF 4 (€130 .. g Wasits)y Sl 3001 s Ja=t )
- plA)<3 ob Juuy (eld ety

20 p A Judhsad B e Sy (i)

(A)=2 03 b2
. = <
p s 3 —]

I WATNIJEP VPR B S S HIV I [ PRSP P S
A PSS B byian o faf L A Byinall o 2l Ol a6l )
LS BLb . p(d) = p(B) O Byiall A > Jai dgmy ey (B~A s )
o A St e 53 Wi S i g B ghean ol iyl o Al B AU & yinall
c A Byhall B o S

74



75

b pialt
1 2 -1 4
CA=[2 4 3 5 | sl dr s domyl s Jle
5 -2 6 -7
g

D Sl e wilaly (2) @ Il oy
1 2 -1 4 1 2 -1 4
A={2 4 3 sl~Jo 0 5 -3|=B
-1 -2 6 -7 -1 -2 6 -7
P Call e J U Caall 3Ll o

1 2 -1 4 1 2 -1 4
B={0 0 5 -3[~|0 0 5 -3|=C
-1 -2 6 -7 00 5 -3

D caall Je ailsly (-I)Q@lﬂ\ el O ziy @

1 2 -1 4 1 2 -1 4
Cc=|0 0 5 -3|~]0 0 S5 -3|=D
00 5 -3{100 0 O

A~B~C~D ol

Cp(A)=2 0B Wy (§130) p(D) =2 Of =D i > s S

: b

W yaall B y5 e i Y zero vector (§ e dnce L2 (i)

&*3 ) Canonical Matrix (Z._...li.J\) &z )t A pial) ,_;-—w: @l D 8,0l (iD)
B yhoae J) 8 piaan 6F Jipf S0y o a0 s g 3 8513 (S ) 8 sial
b i G JUE 3 ] G 20ty il e 15] (il i 3
, . D 8,00l

T OB eAE pb g Amy e Bghuas 4 SIS 13 ()



idad-t ool 76

A~1 = p(d)=n
DO 33La g day e B ginaa 4 587 13) L
B
AN{E} = p(4)=p(B)<n
B i ;5> B yias Sla OB Rectangular Matrix Uaazas 1 sinan 4 <5\S 13

el b Oy il saad A gles p(d) O, St 4 S S 0,55
. B @ giadl

Inverse of a Matrix 8 yiall v Sas Y- —¥
dag 013D ghall o gSae Y —Y— Y-

COﬁC—f‘.(A"y)bUyﬂ)) Unique Inverse 1u y Lo ySan b 0,5 4 an I FERVIVIY

AA7 = 474=1

D e b S N B paall L Ses slgY 58T b Hla

Adjoint Matrix 4Jl) & siall 3 b o 0y Sall
Pl e (A U ey ) A Bshanl Gl Byaall O e

Awyy = lajij
: gy\{ ey 8] J)A»‘!-S\) i Canall Cofactor Jﬁwb a,j Lf“”":“:":}
ay =(_1y+1 M,

o Sall 058Gy L 5 geally i Cal) Minar,:aa-i\p M, Eo

Aad/
|4

_l—

Ayres A, ) s M 3 OUY R o Sy o (([4] 20 ) 53le p 4 OF ozl wlis

. (1974



n b ydall

540
L 8=10 3 2] wyiall e ySes el T Ja
010 -
]s]=5i? 5{:5(—2):-10;&0 e
Comgr ST L Sae O o5 ey B3LE 6 S b sh0all 03)
D e
__l+l3 2____ __2+I‘40_ _{_ +14 0_
a“—( 1) 10—2’0[21—( 1) i OI—O,%)-( 1)3 32—8
20 2 5 0 50
‘7‘12:("1)120 0l=0 ) azz=(—1)2+20 0’=0 ; asz=(‘1)3+20 2I=~10
w0 3 5 4 5 4
R O I R R S A e
0,5 Jully
-2 0 8
st=L]o0 o -10
-10
0 -5 15

PRI (n2+l) 2 Ll bl Cbbutl a5 ST o Al el ASiay
16 0,3 )’:Mgwctﬂ' Ay .u,u_udm nxn &5 N e dw AV adaall 3
T S 3x3 AN e ae dl Sbust s

Pivoting Technique S5, &y b — &

S Syt s 5 [411] 8l Jo oo 1 0 yiac 4 0 phall 5 2y ) 0ds 3
J,;iug,aBa,a‘aiu 088 (11 B iyl Jo [4 ] 1] B yhuaadd a1SU 25 paald
(B=AT 0,55 hy 4 B yaall

COSOLY ARl lasial Rl S abyiall o Sas doe gt 0 Jle




it ool

5
[si1]=]0
0

4 0!1
i

3210

1 010

o == O

—_— O O

IV ety Pivoting Row 3\SS3l aaS [S 1] 05aalt o J oY Ciall dxly ¥

s Jo 3S5,Y) (o dawdyy ¢ Pivoting Element 353 P LI W R T

[si1]=

O Ol
—_ L B
O O
o O -

i
1
1
|
I
|
i
1

0
1
0

- o O

(=

—_ W XX

S NO

o o X

s Jat SS5Y)

(=
—_ 0 O

S e G ey G CreaS” AW dyaall e SU el il 5
P et SSOW e e Y e 2y )

L% 014 0 0] 1%
[sir]~[o 3 210 1 of~|0 1
01 0l0 0 1] |01

[
0% 0 0
%10 %0

i
010 0 1

o o ay NS I aal aslisly (1) 3 S SESLYY Cie o *
Do bad 53 Caall wilaly (%) 3 WSSy

4

|
[Sii]~0 1
0 1

oW o

on—= O

_%5E% _%5 0

A0 40
{

SALEAR

S an EI ity SSG ) CraS AEU B yavall e I Caal) sl 5
Ple Juat SEY e e SOLY chee ey IS5

Lo =Yl % ¥ o) 10 %K - 0
[st1]~|o 1 %EO %o 0|~|0 1 %50 Y0
00 -%410 -4 1|00 1 10 ¥ -%

!

o o iy SISy J Y1 Ciall bl (8() 3 I SSLY e oy
ke et I Gl alil y (-24) & e G,y

78



[ : S giall

1O -%1) -4 0] [1001) 0 -4
[sir~lo 1 % {0 ¥ ol|~j0o10j0 o 1 |=[ris]
00 110 % -%|/loo1i0o ¥ -%

0,55 July
50 =%
s'={0o 0o 1
0 % =%
s Of Jasy
ST I il i) ads sy SIS i Sl o Y AR ()
il 083 SJSY) e Jaud
A ) 1 (S gl Lagin JSTy SSTY) sk 348 (8 sl JSLY) Sols s (i)
. (% inall

SSIYY polte e [ Y (el )y el Y1 iy 3pes (i)
e Y e o,s.i,.._fg}f RIS

Sl (o g S ot 1l o a5 Y1 ol 0,56 Of poomins (i)
' . Gl

Partititioning (s pnsd\ iy ybo — o

iy T TR T : I . .
i [l st ot i
L. . . .o " -1 BH:BIZ
D W a2 ol (£ 4B, ws il Obyiall OB« 47 =B= Py
21 | P22

ABol = [f‘.ﬂ.j_fﬁz}[?yjﬁz}{{r_i_?_]
" Ay | Ay | By i By 0.1,
J 5J>"S“ bll g5y, rem=n C)b o 2l oL;.L»J bl £6 sl SR e

D Yol C’)t

AnBy + 4By =1, ) A By + AyBy, =0
Ay By + Ay By =0 ) Ay By + ApBy =1,



idad-1 Yl

1By} (Uinall) Jealst m S (o pialt old) 3ol o ) b pinald w1 Noladl o2y

U yiadl] Bpldl | peall jaad 33 ol oda r.u.;..s‘j B Sl s J el LS
3L el Blaza) e SN sl s

AD+CB'=0 = AD=-CB' = D=-4"'CB"

407" [4'1o
(111) C : B - E ;B_l

CA"'+BE=0 = BE=-CA"' = E=-Bc4?

(sl 3y b plisezaly gl JE o 0 Jlae

T
si4 OV (41D __
st={o13 2| =0 ![3 2]
]
011 0 0!l1 0
L-

D=—%[4 oﬁ' ﬂ_‘=-%4 o{%{_ol —32D=1L0[0 ~gl=p -4]

D dadd AL D siaall Lold Suslal Jlaazul & Ay ld) Azl i gsjm 1

a _ 1y -
Ay =[ ﬂ} = Azlz = ‘—[ ﬂ]
y 6 4-7 «a

80



81

|4 =a0-y8+0
: ollarHa
a4, 20 O byt Ll & jas A—‘{l] O & kb Byias A=[a,] <ilSTHBl (i)
~i(v-;3¢=».;.~
(i) e 2lon Ll 0,55 471 0 (i) Ue dlte B phosn 4 238730 (i)
LBl Uaf 0,85 A7 OB ¢ dllate B yiaan A <Ol 1) (i)

Y A‘f Q\E; ( A*;l'A =7 ()T L_;I‘) Unitary igj.\;-) Zu}.e.‘a_, A oo\s L'}l (iv)

ot Sl g Y o Salty Aldazudt @ giall o gSae ¥ Y- — Y
Right and Left Inverses '

(AAg =1, &y nxm \@i)) Ay OB mxn s, ddaies Byine 4 CilS LY
Euty nxm Wga9)) A, il GUAS . Right Inverse of A @ yiasl) u:\{i . SR
S QU Joe Job . Lefi Inverse of A % yinanld oY) d')g""\‘gs“““‘:(ALAzln

L[ o
2 20

Oof i ey
a B
A =jay P
oy P
P YA e 03]
a-p a+2p B

A A=y - By ay+2B, B |=
ay~ By a3 +2p;, B

(= =
S - O
-0 O

N IS YN NN T
o~ p = a+2p, =0 B =0



ded-t SNl 82

a,-p, =0 ) a, +24,=1 ) “ Br=0
a;— ;=0 ) a;+2p5;=0 , Bs=1

3 ye g g e SRl

of joji Les LS

A A
Ap=lpy 1
nw v

4o =|  tH Lty |10
R = =
~A+2u vy = 420, + vy 0 1

el e 3 OVl )l ) 635 2y

o

Mrm=1 , =0 , —+2m+v,=0 , — A +2u +v, =1
SVl a4y, dy Big WSl o5 Sy e QJL@N':» Slgh LU
s A e
3 +vi =1, 3u,+vy=1
o Jat (= =0 g2 Sea) pi sty v A A e e e S o2y
Jot QUL (4 =1,2, =0) A4y Jodld e 350 o5 (1 =1y = 1) 2 2V ) g4l
D Ap Byhaall ST e

1
AR=0
1

— O O

0 -1
-2 =2



83 Sl giaall

DY onky JUll lia e ey y
c S S A e San b ey el oS0 Ay Dm0 5 (D)
O) 0SBy sy ye p b O3Sy B ( Ay S Ap sy ) G5 S (D)
L
(iii)

A A=1, m
Adg =1, @

OB g 3 Ol o2 (1) e
ALA_Agg:InAR =4

Al, = Ag

AL =AR

o O3} o ! o A, Ay, Ol Snn Wb 4 OF o5 Oy L Golladl ey My

Ay = Ag S r sy
Ay =4p Dol g Ly

LB e sSmal) aely el y . b g (g Ol) et Sl OF



bt oYl 84

el S 4, b yiaald 0 S ST L T L] o5 % 0da ¢ dasa
et O3S ap gl sy e 3y L haib g, 5l e S o e g,

Ay = Ay 050y i p U SS Legls las Lems gy Wl 3y

%

b V)
I 1
| 4

1 1 0] [0 4 1
'[—1 2 1}’[0 -1 0}&“5’“’““”“’{’“
_ 1 o-21 . L2] ... o«
(A= HJ)AR:[O | J S S b A=|:0 1} W yarall

. f . . " £ l “2 £
CAL=Ag OV oy (np Ll a4 {0 | ] seth gy

C,_;L_m_,.ulg__«,uj ﬁiwjiu)\‘\‘jddﬁm/i Byraadl 0,V 6 (iv)

.. : 11 LD
(o}\_.&);\__,u/c\.é.:‘c.ﬁ‘})/{:[' l:, @L{\:EM.E:L&)&N,-RA)M.\\

Dl et b A4, {"' ‘ﬂ of Lol

a3 Ay

atay=0 , ag+ay=1l , ay+a;=0 , ay+a,=1

D et L A,‘,z[? ﬁ’] ofwjdusgg,mf.‘}_é.:._,@up 1ia

3 4

B+p5=0 ~4 B+pr=1, By+p,=0 ﬂ3+,34=1ﬁ
el o S U o A 00l OB Iy s L 1

PSS AL il el Sy



85 S gdall

| e ﬁ‘%“)ﬁp &g a‘sw.’é MJ‘ zs}w Anxn =

85 1 phaadd 4503 (g 454 ol o $Siany
Y Al B3t day o B ghan 4, SIS B LT 4 B
A Jo S o o by

D (2l ade = C¥alall suey Ehadt sl fo Y -Y
SOLUTION OF LINEAR SYSTEM OF EQUATIONS (m=n):

5y pall 3 ikl SYsbll a0
_ Ax=b
S o € sledl e By Rl Ol ) 3 Bl sl ) Sl
X
X = x:Z
X
3 A Oy ol amta b il ik O 3 ¢ el B pinas A JiaTy Jorld 5 pes
GUdS™ y Direct Methods 5 2\ & k) swg;wic-wulmw;}n s
. Indirect Methods 5\l & 3 o)) (5 jn Jo

Aol Aot Y3l > V=YY

System of Linear Homogeneous Equations

bt oYy QY:L‘.M&.J‘(szo UG—‘QL;() b=0 <8 13 LA &
Dles ¢ Ole b O Wb AU sy L deslnall



Ldad-1 Yol

.

0 of |o

T
X3

19210 1G] |,
0oV O Ve o |-
- xp+1
| %, |

c,
G



87

b giall
Xy xp+1
Xy xp+2
L +le e - e, =0
X, X,

of sy . Jall pr () @ izl SVl 0 (p)  ga

Xp+1 —q
X4 “'C2
p:2 = : )
Xn cn—p
i s
X G
X2 5]
. =[Q] ;QZ _:“',:Qn-p : =[CIQ] ;c2Q2 ;"'!cn—an—p] 2
*p Cn-p
Jdi i Wb (2) A1 (1) BLbh
(xn ] [a] (2] [2] [2] EN
X -1 0 0 0 0
0 -1 0 0 0
x=|x, |=q 0 |+cy| O [+c3i~1]|+cy| O |+---- +Cpp O
X1 0 0 -1 0
L X ] | 0] | 0 ] | 0 ] L 0 | L -1 ]
1 2 3|x 0
2 0 3|x [=[0] Vsl Jo : Jie
3 2 6fx 0
: J
Lny 33L5 4 0B JULy p(A) =2 Of ] ahezs
123123123103%1:Q
A=203~O—4—3~01%~Ol}%~l}’l--‘.}
= ——-zalZ 00
3 2 6 0 -4 -3 0 0 0 0 010



iad-1 YoMl ]

Juby
%
I,=1, , Q1={£
C)f“;f
%
X =6 %

-1

Lol pé Ldad-t OOl o Y—Y—Y

System of Linear Non-homogeneous Equations

Ar=b Rl g ekl Sl s Lo Jf Joai b0 oS3 L U (3

:Q;uua,.;;,, Y- G iy

a1 A piall o [A18] o ¢ p(d) = plA 1 B]=n 1 $s W1 A=Yy
oSl oL Ly 833 pe 4 0SS WU oda (3 . Extended or Augmented Matrix
Bt i o o (x= A7 Ty Sl 2y Ll 1 Sy 13 g 035 A7)
LU Gy iy gle i plae LD gias Jf gl 1i o 4 Elimimation Method
J—at By SN ot 3y . Direct Methods & S5\A\ O )\ » i 5l Factorization

. Unique Solution 4>y J> Js

: Inverse Method _pySall ady b 1

Leir y il d#‘w‘«é,b $bA™ G aall o ySan nd 3L Jall 0da 3
Cx= AT bypall e B Je fad 5 L fadl

121 0fx] [1
340 1(x| |2

= 'Y}L&L\:L‘M
005 1]x]| |0~ i dm
001 2|x]| |3




b ghoall
:J&\
1 2/1 0 1[4 -2}
3 410 1 23 11 P
A=|Zmq———=| o g'=| 2ol O
0 015 1 r1f2 -
] 0 s
0 0i1 2 19]-1 5
Cs

D

Pn JH 00 QUL (VYN -Y Gl d b i
-2 11 % -1 [-%4

X

—

I Sy Ay T, A E1 %
x| | 00 ¥ -Klo|l|-X%
X4 ‘ 0 0 ;— 9 % i %

A b

'+ Elimination Method 331 3 b — o

[4 1 5] a5l 85 pinall S b aomably A el 6 gian L7 il 0dn (3
&huy}¢f¢5¥1m§‘uﬂ¢”ngjAaUL?ﬁnQLA\QELPqugf@r:

oY oatall J~: Jea
x—-y+z=35
x+2y+2z=10
3x+z=1
D

QL gl e pr LS YW G S3lely 1y e i 03y el U 13
D et



it Yol

x y z

1 -1 115

1 2 210

3.0 1|1

1 -1 1|5

0 3 1 5 5 n-n
0 3 -2[-14 5 -3,
1 -1 15

0 3 1|5

0 0 -3[-19 - p-p

:@V\Qh..;c,f»y\@ajw ATV oYl i

-3z=-19 = z=liA
3y+z=5 = y=§( —133)=—%

x-y+z=5 = x=5——-—1§-=1%
A0S
x) (1%
yI=I-%
z 194

Gauss - Gaurdan O13) 9 — pybor 4y b g Gauss Method _py\or iy b |i0 ¢35

. by Method

: L-U Factorization : L-U gl 4y, b — >

P ol e d poy a4 (6L i kit 6 =1y U U dtlte Laalas)

A=LU
D UK Vsl b Juy



$ Sgiall

Ax=LUx=b
Ux=y &P
Ly=b e Jat
oyl Jo Jpadt (S8 Forward Method pich 3 Jay Ly =b <¥s\ll J4 4
s Jo J padl WSK Backward Method ¢ = )\ 4o Ux=y Yol J4 o
- x Joalsl

L, Upsyiall JI 4 CYalall & jian i L LSK h 22 ol 0 Ul
P ladldg ally LB S, b L

J 6 yiall oois *
e =
1 0 o - OTun Uy Uz - uln_
Ly 1 0 « 00 upy wy - uy,
a=la)=|t, B, 1 0] o0 0wy g
g b by~ 1[0 0 0 - u,|
L U
0559 Jub,
Uy = ay
Uy =ap ,
Uy =y - JaV Ciall
Uy =Gy
lzlu“ = 021212| =iz-zl—=.az—l
o Uy ay
a a
Ly, = ay =l =—L =230
Ll = a3 =43 u, a - J)S“’)‘"J‘
Lyt = =1y =Gnt _ Gn
- Uy an

. u”=0“¢0 dibj&g



L Yl

U o saally U el (3 lall a5 F

Inwny +uy = ap=uy =ay - huy,
l U, +u =az3:>u =a23 -/ %13
?1 13 + U3 23 2 5 @\5‘ all olis 1y

Ly, +uy, = a3, =uy, = a3, — by,

()f ‘;‘
[”2;; =y, —lyh, , n22
(‘732 - 131"12)
by + Iy = a3y =y = —=—=—5-
- Uy
(agp = Lag)
42 ~ ik
Loty + lggiyy = agy=lgy =42 " Ca.
2 iz > Syl el i
(a 2 "1311‘12)
Lty + Lguy = ayy =1, = ~1—m2=2
- Uy
OT gf

1., = (an2 - lnlu12)

2 = n>2 , up*0

Uy

DI pandly I vl (3 obiall 2y ok S

by +Ipuyy + sy =33 = uzy =az - (1313 + Ispu3)
Bing + Iy + U3y = a3 = Uy =a3 - (5114 + ip1024)

B, + iy, + Uy, = a3, = w3, =a3, - (11 + Ira,)
(I Casall Lol ddy)

of ‘.;T

luiz asz, —(l3luln +132u2,,) , n23l




93

lags — (a3 + Lguens)]
Ly + Loptyy + lpuz =ay = Iy =

s — s + b )]
as3 = Usity, + lsyup,
Iy + lspupy +lssuzy =as3 = sy =
- Usz -

[ — Uuitas + lgins )]
Lauis + bgtiy + gy = a3 = L3 = »
33

(I > yaall ady)

of g_si

ln3 =

[anS _(1n1"13 +ln2"23)] . n>3

, U3 =0
Usz

U gialt

N syl y md a3 ol Bk ot S

Pt el ol

Lypthg + Lgttyg +ly3ting + gy = Qg =gy =gy — (larsrg +Lgting + L)
Lynns + Lgtiys + Ligtiss + Uys = ays=>ugs = ags — (s + Lagtips + Lishss)
Lagthin + Ligttan + Ligitsy + an = Gy =gy = Qg — (st + gty +lgstiz,)

of L;f

|£4n = ayn — (i + ligian + liguzn) , 12 4]

PN el olis ik

[ass — (sinia + Isyuzy +Is3u3, )]
Isying +lsptyy +lszusg +lsqugy = a5y = Isy =

Ugy

) (s = (g + Liottys + L3u3 )]
- _“n4 (nl 14 n2%24 n3“34
Lty + Lotag + gty +hgugy=a,y = 1y = »
- 44

£

ol L_gf

_ [an4 —(lnluM + gy +1,5u3 )r, >4
Uyy

P SIS AL oyl el Sy L 1S,

-~ » Uy 20




idadl Y atalt

(e Bl Bghoan L 0S5 st LU ) A ol By s 1 JY1 5l
cUle ekt B gian U Byinally (I =1, Vi) 8 ) g )l W i lis

e\l 3\£Y Row - Column Algorithm > yesdl o5 @I I a1 Al 8 glad-)
P GV L, U o yinall

w,=a, , nzl
®
a
ln] = nl N n>1
an
Uyy = Ay — Iy, , n22
L 3
a,, — 1 u
ln2=( n2 nl 12) , n>?2 ,
U3,
s, = @y, — (gt + lbyty,) , 123
. -
a —\ uq+1 u '
ln3=[n3 (nl 13 nl 23)] , n>3 , u33¢0
Us3
Ugp = Ay ‘(141141" +lgpuy, +l43”3n) , n24
® -
a,, — Uy, +1 u,, +1u
ln4___[n4 (nl 1n n2%2n n3 3n)] , n>4
Uyy
k-1
u,m=ak,,—21kjuﬂ, , n2k>1
J=1
[}
k-1
A _Zlnjujk
J=1
Ly = , n>k>1 |, wuy #0
U




95

Ol ginall

oYl (LU u,\.«f plisaaly o Jua

2 0 1fx 1
12 0fx,|=|0
2 3 4‘x3 0

2 01 1 0 Oflw, uy ujs
1 2 0= 121 1 of O Uy U
2 3 4 13] 132 1 0 0 Us3
v \ " A h g
A L U
P U3 W Gl @
2 0 1
U, =ay, , n2l = U=(0 wuy uy
0 0 uy
:LQJ;SI\:M‘-
1 0 O
1,,,=% , n>1 , a,#0 = L=|%.1 0
/
” 1 4, 1
tU G sY sl e
2 0 1
u2,7=a2”—l2]u1n N nz2 = U={0 2 —%
0 0 wuy
( ) ) i 0 0
1n2=a"2—_l"'u~’—2—— , n>2 , up#0 = L={¥ 1 0
Un 1 % 1

NV RTNVREIPINTY 2 PV UG (I




iad-t SYalall | 96

Ug_}dw\ canall o
2 0 1
Uy, = a3, — (gt +lt3s) » n23 = U=|0 2 -}
0 0 1%

D p S ) 0, QUL

20171 0 o020 1
12 0[=|)% 1 0j0o 2 -4
23 4] |1 % 1]o 0
i L U

s osull o LJ\.?

Ax=b = LUx=b = Ly=b
(=

=y
of i
1 0 ofxy]| [1 y =1 1
Kol 0n|=|0] = |3n+y=0=y=-7 = y=|-4
L% 1y 0 y,+%y2+y3=0:>y3=—% -"
[ —— = g
L y b
P SV Ur =y SYolll o o x aondll 8,00 (Shy ol 3500
5 1
LTa] [ 1] [emmtmn=g 5
0 2 ’% Xy | = —% = 2x2——;—x3:—%:>x2=_% = x= _%5
00 13 i -4 2x,+x3=1:>x1=% -
x y
20 0 3
1 2 3 4| .
LU ) A= Byiall o5 0 Jls
02 -3 1 bt
13 0 0




7 A giall

g

UG JyY hal e
2 0 0 3
A LT
0 0 0 uy
PL@JaY gl e
1 0 0 0O
1"‘_:11: , n>l, ay=0 = L=}3« 1312 (1) ’
Sl 1
P UG SW o
20 0 3
Uy, = Ay — by, n22 = U=?) (2) ,; us/:4
00 0 u,

1 0 0 O
P ¥ 1 0 0
1, =—£—ﬂ—ﬁ , n>2 , upy#0 = L=
? Uy 01 10
Boh s 1
ZUQGJ\;S\Q?A\Q
20 ¢ 3
02 3 %
u3n=a3n_(l3luln+l32u2n) » nz3 = U= 00 -6 _%
00 0 uy
Y A RURIC IEgOVS
1 0 0 0]
[an3_(l3luln+132u2n)] ¥ 1 00
= 3, #0 = L=
s us3 e s o1 10
A

S agad ¢ 5 L B yaalt 0,55 Sy



Lhi-t oYl 98

20 0 3
02 3 ¥
WU g2y, = Gy ~ Uyt + bigthog + lagis,) , n24 = Us= 00 -6 _%
00 0 -3
,»@L,ﬁ@;}\uﬁ@:ﬁb,
2003]10002003
12 3 4/ | 1 0 0f02 3 %
02-31{]0 1 1 0f0 0 -6 -%
13 0 0f | % % 1/0o0 o0 -3%
) L U

: Cramer’s Method S & b — >

0559 b g b ginall s g o) Jo dazas 4y ll odiay

X =LA_il. s i=1’2’ ...... n

|4

i 03y 5yl Jldzul an |4 o gl 2us g 4] 34 Blall B yian a2 4a |4

IoC

o bl g 3 gany 4d

PoVolll s gast o a8 b plasualy 1 Jle

x-y+z-3=0
2y+3z-5=0
x—4z-16=0
g
5yl 3 gay oS Wt YoMl a6 yast
1 -1 1 |x
0 30yl=|5


DELL
Typewriter

DELL
Typewriter

DELL
Typewriter


9 - < gioall

e Jat oS o
1 -1 1 3 -11
l4=0 2 3|=-13 |[4)=|5 2 3[=-124
1 0 -4 16 0
13 1 1 -1 3
|[4|=l0 5 3|=-64 |[4|=l0 2 5|=21
116 -4 1 0 16
05 Juy
4 -13 13 . 124
|4 -64 64 1
= = — —_—— x:y:— 64
|4 -13 13 “ L] By
e
|4 -13 13

p(A)=p(dib)<n : G Tt Y—y—Y-Y

Unique Solution > jiza J dox ¥ o5 pay 3 gm o b A7 0 SAl1 0, UL ol 3
. &u‘ﬂ‘&;d#lw@ﬂ.‘JYD.\.&ﬂuc@)

a] [2] [0n-p |
-1 0 0
Sl 0 + -1 oot 0
xX=i|—- C Cyl [ renee C, )
o] o] o R I
LO_ LO_ _’—li

. bq\)ﬂ\wwﬁﬁdéU\[gjl axll L) Blias eitonall Yool - 3 5o o5

1 0 o0 3 x] [1
0 1 1 2|x| |1

= =N e past Dl
111 six| |2~ st g d
1 -1 -1 1|x] |0




Lkt Yl 100

il
1 0 0 3 X 1
0 1 2ix | |1
11 1 5fx| |2
1 -1 -1 1{x| |0
e ——t
A x b
1o 0 3} L1003
112! 211 2!
11 1 512 00 0,0
1 -1 -1 110 10 070
Jut
1 0 3 1+3c,
1 1 2 1+¢ +2c,
x=l=|+ql- |+ = =x=
0 -1 0 —q
0 0 -1 —c,

Cele Cyly g0y G

p(A) # p(4 ) bl p(d) <n B ¥—Y—Y—Y

Lgean e At g b die OVolall 0,855 3305 8 phnan 4 0S5 DU oda 3

A o 3 > dor o N Wby .. Inconsistent Equations

10 31 1 :
0 1 4fx|=1] oYt Jo @ Jze
11 7{x!| [1

D J
s.).l.;-\r\%.«b
1 0 371 {1 0 3i1] [1 0 31

§ i |
[4ib]=j0 1 4i1|~]0 1 4l1]|~j0 1 411
1
0!

11 71i [0 1 4i0f [0 0

-1




101

p(4)=2 , p(4|b)=3
of ) 25 (MU pladh (3 5 =) Wslall OF S o312l 8 ol 1Ad o s o ¥ WL
D3 gmye b JH Ol o U Uy SO s g “0=-1¢
SV am > & S0y 2 Jlemil YoY Y

»Anannxm =Cn><m ’ C =Cnxm = lcyl ’ X =anm = lxijJ

X=ATIC bypa Jo 0SS R 0B p(A)=n - 3. Uyt Baiae X=X, G
: SV Vector Form 4} Wi 5 pall 4] Vol 02 S 4l ;v\&)

o (4@ L, r=c (3K 5 0B Ay Xy = Cpn O 13 =
c=[011 G2 " Gm € C;n v Gy e €1 Cm2 T cnm]T
x=[x11 Xpp v Xy Xy X2p o Xpyy Tt Xm Xp2 Tt xnm]r
O™ 130 Mzad
_al ap Xy xZ— (< %)
_03 ag ll x5 X4_ Cy (4
op
(qy 0 a, O T x, q
0 4 0 alx c
a3 0 a4 0 X3 C3
10 a3 0 a4x Cy
Ssh o.:\.h)
(4®L)kx=c
13 G WS ¢ x o (1, @B fo=c (350 &5 0B ¢ X, B = Crm. O 13} mm 2



idad-1 OYoull

O (B VU W 3 W

nannxm + X B

nxm~mxm

O 1) Hens . Nlall o () o g 8Vl ¢ (@1, +1,88 k=c

o I A IS PN

SIS UL+ L®B h=c Jl Whsd SedNyy + XByy =1, Wolali 0

102

=Crim O—S 13 OWy —

1020210 o]Yx,] ey
6102 . 1 4 0 0jpx) Jona
00 3 0 0 0 2 1 X71 €y
00 3 0 01 4|)xy cy
SVl ) i JUL

31 2 0fx, an

1 50 2 Xy _ (&)

0 05 1{xy]| |exn

001 7 X42 €y

Oy oo 1oy Ll S5 3l

Dr=c oYLl Jo OB (> ) W1 3D ={AG 1, +1, ®BT) Loy 15| : &b pouka

Lo e 3 e Gl ol il

Elimination Methods 33+ 3 b ¢ —Y—Y

Ld g B b gy 554l B B b jam ol sty p g5 3 g Joadll hia 3

- il OYslall o 3 5SS

: Gauss Method P iyl V-t -Y—Y

8 el bl Gl Cldens 41 8] pladl (3155 54 on 4 Jlalt 0da 3

D Xy e Xy 4k x, Jﬁ\&dﬂ;tﬁg.WWHﬂ,uwk/gﬁl

. Solving Backward § 9= 34 J3! (o L ay x; 1y (138



103

N giaalt

t Jeall ol glase
Pivot Row ;S5 ,} ci—aS [4 18] o IV Cnall ditly g 20 OF o s *

35l 3 polial) g ade 555 gl SIS,V 52 0,850 Y SliST u-~;) )
C(ay e e el ) oW

S G il dnl [jic] WS D piall 3 3y 20 O o asT *
b i i ) olall Ju o5 Pivor Element 355 )\ paaS Gy, paially 355 )
(i 55,V G plasszaly U3 ) | lino

5 Jrami nxn g, ol dn L B yaall 3 L e el aiL) Aol , S5 *
Ll LS o S sl o¥olall plls o ain Joad (sl [u‘i 13] (S pllach

LS
11 1 x] [3
2 -13 0x| |3 .
= L PO ¥ 1 ozwl Y1 el )
0 2 0 3|n|T|1] TR SNl J 1 d
D
Odn J'n)\-;i‘..i)d-‘UUJuJBl
11 1 1/ —ny 11113
= ] |
(15| 2 13 013 im0 -3 1 -2(-3
e 2 0 30 —n, {0 2 0 311
-1 0 2 1} —ntn 0 1 3 213
s [ 11 13
—ny 00-3 1 -2(3
LN S A
N AR
iy 11 1 1;3'
—ny |0 -3 1 -21-3 .
- r s: =k,ib]
—ny {000 % -1
—Intn 0 0 0 -71 7




idad-t Y sl 104

o Jult
—7X4=7 = x4=—1
%x3+%x4=-1 = x=1
—3x2+x3—2x4=—3 = x2=2
X +x+x+x,=3 = x=1
A oS
X 1
X, 2
X = =
X3 1
X4 -1
D b e

o SE Nt o W b 535 Ty g U o e a0 *
%y m o e Al B ghan L o [LEIS] 12 ol Lo J peadl
SIS . Solving Forward pdd\y ) —; s 1 sy .z, Lptly ¢ 135,
s Jo S35 o 5 Aaks Llldy 3, =1 b (I pll o Jpadl s
.d,USJuqQH\QWMW)SJ‘)MQW@JJ&)W
o iA|=ll[U” Of WLl (gl a iy o) bl ey il S
i=1

Jusd g 3__:‘.;_.,4 Sl all B yiae sd L |4 u....:- ‘ |A|=fILii

i=l1

Dl

A= 0x 303 )x-)

3

. Gauss - Jordan Method O3 ) pr — oyl iy o Y—€—Y—¥

St jolall Jam by dby BLo| sl b Olgas Je i 48y bl oda 3
asMD@[Diél S pladl e Juad Sl \’)L&Lai(«lé.ﬂfgl..f) SOV aze
L U B et s



105

< gdaall

SOy — gl Wy b plsanl il JUU s s Jle

: J.#-\‘
e Jead Gl JEl (3 el o el i g Lt

1 1 1 1! _ny 111 113
= t ]
[415]= 2 -13 013 —=2n 400 -3 1 -2}-3
e 2 03017 —ay oo 2 0 30
-1 0 2 110 A, lo 1 3 213
antn 10 % K2
i
_n |0 -3 1 -2)_3
|
%rﬁr3 0 0 % %ll_l
';r2+r4 0 0 107 %Ez
et 10 0 =31 4]
i
n 0 -3 0 -%i-¥%
~ %rz+rx 0 0 % %_:'__1
v 100 0 =71 7
2atn 10 0 0 1]
i
_%rwrz 0 -3 0 0 i-6 —[D:bl
_dnen o0 % 0 iyt
n, 000 0 -717]
:@Uio&'ab&!J»rJ
x =1
3 2
- 3X =T = x=1
),A"H-\O)gu
X
x~x2= 2
X3



FRE AT FAPIY A _ 108

s ol

i e 5 7B puall) SN s e polie a3 QLEYH g OF B T
S pa —£Y) - JH :u{.ﬂ:;:w S J et s \’JLMT GSS,Y
At

e I ada (3 et Wb ponall a0 &gl SISO,V olie W L i3]
Cable 2= b (A eda 3) 0550 [1§13] eSS Pl

,A|=In—[D,.,- OF pa a8 (Ol gor — gl 3 k) el sy s il Sk *

i=1

:@L.Jldl:llg‘}tai.AowlsMﬁ)m:AsM@lA( C

14 = (1)x(_3)x(3_]x(_7)

3

J—3 Iterative (Indirect) Methods (3 y5\d\ pé) &30 S1 (3 ot 0—Y—¥
Ax=b <Yl

G b ¢ S Wb Sl AR b ) B el 3 L Gl B e
J—ast Gl 3 545 ISy Direct Methods & 2\ & it ) (331 3,0y LU 1) ol
G A b U B b e Sy Dbt e sl a2 s amy B e
S ladt ;f Indirect Methods & ys\3\ p& 3kl _, G bl oin 6...; S s e
: g;'.Y\» Jors o480 ple :j.i.-u) . Iterative Methods &y S\

H 0S3Ad=H+G 05 2t H, G sbyiall U4 oMbl G yine oo *
s 3.@‘,4_»(:1) Yol pllai O WLy L (3L 58 H 0L (sl) 33 g 4

Ax=b = (H+Glx=b = Hx=b-GX

lx=H ' - H G| 5




107

< ginall

S e ALt B Y Dl 4 pmiy 3O - guess et g8
) O g xR e Gl 18 X
A 3 O ple iy 1Sy L XD U s Jrams wmld

’ D) S Vol 6 4 (3 Lnsy (S

[ Y 1G]

O Udow 3y L 3] promsall 1 ) plladh o Uiy

k)

lim x!
k—>x

=X

Sl O sl 13) asla

28 a1 ) Convergent & s aa L oYW 0S5 0f b e o L STy
: C; Vgt lia
r=H'"% , 0=-H'G
0 =y Ox®

g R L (R WA S L S PR o xS O s e Lt

x® =(1,, +Q+Q2 Feeeeee + Q""}+Q"x(°)
(i () S ol lad) 505 k ¢ Initial (First) Guess gdd) (sl o 5@ & )
P SY Jleazt LS5 w6 (1, - 0)! .x,.-} L 13 &l o)
kol = (In _Q)~l(1n _Qk)
J—at ) ST ae 3 gy (1, -0) @ ov ko g L A5 SLY
ke

[n+Q+Q2+ ...... +

O = (1, - o) (1, - 0" + 042



iad-) Y atals : 108

Lol L3 . 2@ G el e GlE i ) o )5 0553 O vy 5 i alen Vs
0,55 0f Wy P ¢ BlgYu J8 Jyp k Lie 3ted)

limQ* =0,

koo
Of ad fp 131 jon Vi OIS” e 13 . 2 el B pinall a0 o
. ~1 ‘
Jim x® =(1, - QF (1, - 0, + 0x®

=, -0)'r
(1, + HG)" (1)

- [(1,, +H7GJ" H“] xb

=[ul, + 566

=(H+G)"b
=A4b=x
of ud o.‘;U-:LU
D et e o
xX=r+ Qx(k)
S

A=H+G , Q=H'G , r=H"" :
P @y B O Jebly
liﬂ'lQ"’:O’l : RO

k>

tim [5'G]f = o, i ,f

k~»0
.yl b u«é"&‘&

: @5‘?.‘ Ol y
DU e e s pe (7, -0) Of o) Sk
1,-0=0L,+H'G=H'"H+H'G=H'H +G)=H""4



109 ‘ SV gheall

s op July

1, -0=|H7"]4
Wl el |4 # 0 Of oo jeie LUISTy ( ’H"';to @ty sy ge H' O (no i Gl o
Of g Loy [, = Q] # 0 OB 03] ¢« (Ax=b pladd GV JH o2 sy Jo 0 s
e gmse (1, - Q)
L lala 1 e
LU b2 S e e (s (kl'_u;(:d[H"Gr - o,,) o il b

Sl

Iy . ol asi 1 e J,\u)ﬁo\g}deL}f,p\.doa.w‘rd\ ot O (sf
Loy e HT' @Sy, A=H+G Oy Q=H'G o\%»cﬂq,wurub,z
. ( Steinberg, 1974 ) aa>x) —a Z.S)L——iugg-‘.j

Jacob:MethonJ;\r iy, \—o0—Y-Y

SV A b yiall ok 4 kil oda 3

A=G+H
s
0izj V ayi#j
=[hij] s hij = ) G:[glj] s 8y =
a;i=j , 0i=j
a; #0 , Vi off)s;.x,ﬂbj.&éi»:gaf&g\b

0 6 4lx=|1| Yolalt pllad 5 & Jo dom gl 555l 2l b plaszaly 1 Jie




adad-t CoYataly 1o

Nl
512 1
A={0 6 4| , b=|1
125 1
RE
5 12]fs 00]fo12
A=|0 6 4|=[0 6 oO|+|0 0 4
1 25/]00 5[ {120
= =G
%00 % 0 ol [%
H'={0 % o = r=H'%=|0 Y% o0(l|=|%
0 0 Y 0 o ¥ |¥
¥ oo ofo 1 2 0 ¥ %
QO=-H'G= k 0l0 0 4{=—0 0 %
0 0 X[t 20 Y % 0

Doygadt xED 2 0r® i) S Vsl il S

VAR B

(k+1) | _ k
L=t yioto 0 %o

A ) g % o]

of ‘_ﬂ

O 1 _1_x§k) +2x§k)

5 \5 5

1 (2
(k+1) _ (k)
Xy == Zx 1
2 p (3 3 ] 0]

1 1 2
NI N SN )

5 \5 5

Vol Jo iy STabley U Jpe i (s (1) B3

n

Zak1x1=b , k=12 n

I=1

DU e e x



11

Wb giall

n

1
xk:a_ bk_zaklxl s A 70 )
ek

=1
1=k

G S g a3 ST o ghast sl 1 0B (2) Sl (1) UM adsin] )y g

Do, S :»nJiA;
n X X X3 CJ\E:-W
0 0.0000 0.0000 0.0000 « x
1 0.2000 0.1667 0.2000 « xU
2 0.0867 0.0334 0.0933 « x@
3 0.1560 0.1045 0.1693 « @
4 0.1114 0.0538 0.1270 - x®
5 0.1384 ©0.0820 0.1562 — x®
6 0.1211 0.0626 0.1395 « x®
7 0.1317 0.0737 0.1507 « x7
8 0.1250 0.0662 0.1442 « x®
9 0.1291 0.0706 0.1485 « x®
10 0.1265 0.0677 0.1459 « 19
11 0.1_281 0.0694 0.1476 «

[ - 9] 017107 <05x107
[ = 5] 20,1710 <0.5x1072
!~ {19] = 0.16 %107 <0.5x107?
2 o ie o A 0B QU
0.12

x=10.06
0.14



idad-t Y sl 112

ol bl sue &5 (el JHU sue ) S ped g L 31 ST Bkt VY SU3
ol sy dlady S5 of g W Jey ¢ a1 S

1 0.08
XO=l1) o x® =|0.03
1 0.09

S eBL Ly 2O e i ak (Lt oyl Sla ) ) e Wi Wl S 0f als
ﬁ(@ﬁ&djbaﬁjg)&ﬂ‘&\‘)tLb(qjuﬂ\bj&@\)
0.1273

x=0.0686
0.1471

.(AppendixA)fyvll\QBASICiile gﬁ)ﬂ”gﬂu‘)" - ZJUQAZS)LAUOQQ)

LS b o
of Lls
0i#j
H=[n] , n=
a,,i=j
of Lb il
a,#0 , Vi
op U
0 i# j
-1
H —[b(/] . by =
1 .
— =y
all
ol ke 21387

bl w0



113

< gdaall

0555 il

0 i=j
H'G=C=|c,| , ¢, =
[clj] €y {biigij l¢j

0P Q=-H™'G siall o o il b, o) o) on
m;ax{z:‘qy‘} <1
Jj=1

P SV ) e W oS b e bl e o) ey

n a.:

i
_J_ <1
a;;

J=1
J#i

Of olias Vin g
Z|a,-j‘<|aﬁ| , Vi
s
J#i
Of ot 4 Dl all Byian o Lo JS 3 ) il sl 2l OF gm0, 9 Via
LSl el ba e s o Gl e 2 2dal) ol ¢ gast n 15T 0,

W

M Z‘a,j|<|a,-,-|,‘v’i
fai |
2% Bsias Ay Diagonally Dominant i} Lesgs B shaly

&%A =[aj] aﬁa&s

—n Ax=b Vbl pls b o S b o) b2 0L gl S bl Gl e
g gl x @ g el 20 o Bl oy o) Riangr 4 OVlall B jinas 0,55 0
.J:LH.,




kit Yl 114

D daln ib
iy 3 ) il R 0555 et (5T AR D plloiel i) A B ginall Shis) 4
\__,g___.,_)%{ggi\;)wwsﬂgoqujuﬂ\w&sdﬁ;fopc(ca\bw\s—éj
COAt Y By o) s AB il Biange A B paall (ST bdl e e SO
Yl pllss Sl St
3 -5 17 x] [

56 23 11 |x,|=(2
17 65 -13|x| |3

W

“’W—"“J—’-%‘c‘ﬂw Gl Gedl Jo py o Sl Wy Ja Al ) evas Y
BJJ,A\ Ql.p\.g;:\:{}

56 23 1l | x
-5 47 || x;

. x0 L._Sy &5)“52;\7.' i.ig)hgy\q)l.i} O\.a.b&gi.

[

(3

: Gauss Seidel Method Jme — _p 3\ 83 ybo Y—0—Y—Y

GL—:L“)HLSUMEWMMJEAO%M\ﬁMMPQ@)d\c;&Q

0 i<j
H=[h,]»] s h~=4a P2

A=H+G——>

f{“ i<j
G:[gu’]* 8y = Voizj

PV oYl Je bady



115 <l ghealt

k .
—bl —_Zalj ( ) , i=1
a j=2
1 i-1 n
kD) a,x (k+1) 2 Zaijxs'k) i=23, n-1
i 3 » b
n i Jj=1 i J=i+l
1 1S k)
+ .
b, - Za,,j ) , i=n
Ay Qun Jj=1

it i W (Y Ty xSl k1 (3, 55k 3 ol o S
el o S ak + 1 aadt 3 2B (D D L xED s
G S st ol Of (ol L ALl § gttt (3 4 pestt x| 2By e ,x®),

S b 3en b O e s 3 s oL

QU DB a8 s Y e g S Yol o g5 OF Jaad Y e g

5 2 0fx 7
I =4 1fxf=|-2] Vol o ¢ Jdow — gl 3y b plasianly ¢ Jlte
0 1 2|x| |3

s
P R CRVEAC SRS AW FEATINT

Sx] + 2x2 =7 . = x] =§(7 —'2X2)

-1
—4xy +x3=-2 = x2=7-2 X - x3)
x2+2.X3=3 = x3=%(3—ZX2)

P I\.U\)Q.:J\ <Yaladl —] étﬂb)
X - %(7 2x(k))
XD = %( 2 xlke _ (k))

(k+l) _ 1 (k+1)
X3 = 3(3 -~ 2x, )




it Yatel 116
R
12
=108
1.2
J s Ll
n Xy X, X3 olb>Hae
0 1.2000 0.8000 1.2000 « x©
1 1.0800 1.0700 0.9650 « xO
2 0.9720 0.9843 1.0079 « x®
3 1.0063 1.0036 0.9982 « x®
4 0.9986 0.9992 1.0004 « x¥
5 1.0003 1.0002 0.9999 « x®
6 0.9999 1.0000 1.0000 « x©®
7 1.0000 1.0000 1.0000 « £
e iy
1
x=|1
1
s otbh>Ya

N ¢ dhem — gl 8 b O e Sa Y Yl il Rl Wpkall 087 ¥
C Sl b e Al L Jdee — pglr Wy b OB Al 4

n

Z’q,-jl <l , Vi

J=1

Q=-H"'G

o el bl



117 < gduall

Jher —— gl 3, b OB ¢ O 3 O piall ek Z’q,-j|<l o™ 13) aif (o
Jj=1
of sf .. o a5 ¥ Wy 3 all o )las B i) b ,2dl iy | ) LT L O as
. Sufficient but not Necessary 433 p2 ood 4833 38" b 15 LI b 2l
A S Gk e i Ll py il b2l (30 el 2T h e dla *

|/1max| <1

. Q=-H"'G ! Lsus SV eigenvalue 35\ dagdll @M;lmax Eom
oft}_u_ Ma L wolill O @ i) o £t Uyl O g 350001 o) Sl
. Distinct  j—sza ol 0dn 0S5 Eutt Ay, Ay ud, e, A, W15 0d b O B sinall
055 At (| <1 sl ) Gl B 20 Gad 136 L (4, 2 47, Vi= j)

. ( Steinberg, 1974 ) ohai S 25 & Ul ¢ 3 jlize & ) S 23, Jall

. Relaxation Methods > 33\ & yb Y—0—Y—Y

93\_.,!\4_’,.:..‘.\J_Ua:;_J,UsT@}@L,J\J@_J)L»@,byt,:oV\u;

. Residual Vector r

r=b-Ax (1)
A mnall 2 () pmiald B B OF als 4 o B e TR o
k3
b ] -1 1 n ‘el N
D I e W S
a; a; j=1 ai; J=i+l

O (10 A gy r 0 Gt a3 m iy G il (1) Bstall Jlanil

i-] n
(k) _ (k) (k-1)
Fmi” = bm - Z X" = Z Ay X

J=1 J=i

Do et anll 37 gl aall ot Wl Ty m=i csls BB



118

ias-t S stalt
k & k-1 k-1
rE =p - Za’f 5) Za--x§- )~ axh
J=isl
of
-1
k-1 k k k-1
apx® D 4 ) = Z a;x®) ~ Za,jg ) €)
j=1 Jmi+l
of u£ (2), (3) cwdslll Ly oy JLuy
ax® D 4 (_k) =a,,xfk)
Qi L_S;
( )
k k-1
* = a0 “
all
e g.snu,,y.u G+1) MlJWludf\uowtLﬁx}
PACI B k) _ D
Tigien = bwz ajj S Z ayx;
J=iv)
i1 "
k k k-1 K k
=b ~ a,,xg)—a X0~ Za,lx‘, V=g x® — g, x% =0
j=1 J=iy

_J)b@,kf\yda:&bcdk}‘wdﬁdi% 1(1(1) Jl‘\..a LS-/\.S\M U\LS\
fo\._:.ai\){\sfd&fﬁq,\hi‘bibl..@Mb}ﬂ‘s;uﬁ\faiﬁw;g}\}@
Jgi»i%é;»vﬂi}&f{asls\j)@{,ék);ﬁ.Qb&ib\;a}( r=90 C““’-"-}f))u“’fv&'i

Y\f W\t (4) Ao\ 3 Positive Wight w o g O3 s L 25 Jaad s b

/+]
k
(k) _ (k-1 ﬂs) .
X,' =X +W— (5)
ax‘i
Under bz 3i\F ot a2y b "”,b) OB 0cw<l Ll 3B . w>0 oo

__.J)L:»'«L_J..Sa\;gQjmwwjrwxﬁgjw&_ﬁuhguj.Relaxation

>3 Over Reluxation i $ 33\ jush 3y ;b oand 3o OB ¢ w1 Ut 130 WL Jue

iyl ol b ja s S — gl &b 3 Vol chadl Ot p 1wy ferss
. ( Successive Qver Relaxation ) SOR & o\



119

b saall

DY AL e G (3) alall Jleasaly 0¥

i-1

w W -
: a (k) T Zay Sk 1) -wx,(k 19}
a; au au j=1 a; J=i+l
P SV AL e (5) bl Jlaazaly
' ‘e 11 . n
) 1 k-1
X = (- a, s = > a x| g6)
a;, =1 J=i+l

Lok
D i saall 5 ) el (6) Al Bl e oy uus)w\g;\;

(k) _ (D - WL)‘I[(I - w)D + wU}x(k_” + W(D - wL)_l b

sl 3 (Ul Alin B yinan U ¢ i 3din Bphean L ¢ & Job B jiae D =[g,] o)

;A

FSbghan J1o g el b S, 3 (6) e iy

et Ll W o A Gl o)y Bl e
4x|+3x2=24
3y +4xy ~ x3 =30

— X3 +4xy =24
D {w=1) v — e iy L 5L BN x=] 4 | A

xP =-075xD 1+ 6
B = _0.75x% + 0255 D 4+ 75
b =0.25x0 —6



120

Lhdt OYalall
D dW bt e Jad QUL
k x® X0 x$0 S\
0 1.0000000 1.0000000 1.0000000 « x©
1 5.2500000 3.8125000 -5.0468750 « x0
2 3.1406250 3.8828125 -5.0292969 « P
3 30878906 3.9267578 -5.0183405 « x@
4 3.0549316 3.9542236 -5.0114441 « x¥
5 3.0343323 3.9713898 -5.0071526 « x©
6 3.0214577 3.9821186 -5.0044703 « X9
7 3.0134110 3.9888241 -5.0027940 «

s I 0ds 3 w=125 Jleasal W all g 1) Ssy

2 =-025x* " ~0.9375x¢V + 75
2§ =-0.9375x%) = 0.25x D +0.3125x D +9.375

2 =0.3125xF) —0.25x{V — 75

i lize 43y il Of el y
iy ) S Yl

:q)u:.j\cqb)g QL:.S\ J).,L;l,-\j

k X\ X\ X0 Sl
0 1.0000000 1.0000000 1.0000000 « X
I 6.3125000 3.5195313 -6.6501465 « x0
2 2.6223145 3.9585266 - -4.6004238 « x¥
3 3.1333027 4.0102646 -5.0966863 « x¥
4 2.9570512 4.0074838 -4.9734897 « @
5 3.0037211 4.0029250 -5.0057135 « x¥
6 2.9963276 4.0009262 -4.9982822 « x©
7 3.0000498 4.0002586 -5.0003486 « xD




121

b giall

G ol iy Y 9\5.,3;:\!L>.y\u,.w‘,§5,.a».\swu;u@,.muotbm\a,

e ) dm gY e sl e T S w ded ji el o et ay YT L g e

J—dol e wald 4™ 3 (Burden & Faires, 1993 ) 455 W La gz Sy L. ool IS
gl

: Kahan —3 3 /5
ey (A bl i shan J) O 13)
Akl 4 S db it (2 |T, = (D-wL) [0 -w)D+wU]
e G g 5(7,) ) [B0)2 1] OB ¢ SOR
13) 054y (T, W giasl) Spectral Radius (sl
. O W

( P(A) e d 503) A % ial Spectral Radius k) ,hﬂ\@g)ﬂ’:w,a»

p(4) = max|ﬂ,|

(I U il ) A 8 phaald T e e WA

: Ostrowski - Reich w— 3 i

Positive Definite ‘i d2r 4o A SHalal) A ghoan IS 13

s ded Y Wil s SOR G,b 0P g

0

. X

’ . ’
08" 13} 2l y Positive Definite \\dS Ao pp jcni A Eo

xTAx>0 , Vx#0

(P Gkl eatdt OU T



idad-t oYl 122

T,=D"(L+U),T,

R o

(DL) &

1+J1 T) H([F

4 3 0
(LU ey ) s dmyey BN ay A=(3 4 —1] <ol GLI Ul g Dk
0 -1 4 .

OB 133 (el LU T3y o 8MS3 o\;u,..j:of

4 00 0 00 0 -390
D={0 4 0} , L=|-3 0 0} , U=|0 0 1
0 0 4 0 10 0 0 o

o L}\.‘JLJ

¥ 0.0f0 -30 0 -075 0
T,=D(L+U)=|0 Y% ©0{-3 0 1|={-075 0 025
0 0 4o 1 0 0 025 0O

SIS T, D ol and Ygay

7, - 4t =-al#? - oA.625) = p(r,)= 0625 = max|4|

= w=———-—2———51.24

1++/1-0.625



123 b phuall

oy b s L, Sy L U I @ w125 3 Lozl ey L Vs
. (Appendix A4 ) | 5>J\ 3 BASIC i SOR

(m =n) dhd1 Syl J= r-v

She g Jol A o b 5 s Y e Vlae g8 Bl ) JSTEL e i
G by Rank - j Al o 4 jme puis s, JSTLN o»kc.h..uu._f (m=n) oY
S n=m g J Dl WAL g Elimination Methods >33+

r v

o $ e YW g m e Wl Ax = B] O W 13
: W | p(4) = pld | b]=r| ity foaid

Unique 4— p J—> & Ax =b] pladt 0P o 13y *
. Solution
J e Sl sus & [Ax=b] phadt 0P [F<H] 087 13 >

. Infinite Number of Solutions

D WY

adl g 05 SS OYaloald OF slne a8 OB p(A) = p[d | b]=r O 13} &l pylall e
Ll L W 4] 5] 85aall 0B JWUy (=1 Bl) Laat )3 n o Jlas 1 ) Consistent

e [;1 !5] S
~ 1 | Cr n-r 7
A{___r___;___s__z_} , bzm
O(n—r)r | O(n—r)(n—r) o
t.}
%



124

idadt Y atalt
(sl y

.| x
Xx= [::r._]
Xn-r
o
-’%1 £r+]
A 22 A £r+2
X = : v Eyp = P
X, X,
ob Ju
aso| G B || BA # CR, | ]S
010]3%,., 0 0
X, +Cx, . =f ol !
ér =f- Crin—r )T
r=nm: J)‘ﬂ Y

C))ii‘.:&n) C, byaaad] 55y Y AU ol (3

in—r:f
C(Ax=b ol (3 ey AR =b plall u i - dla O olins Lia
r<n: i\ du-

Y 50l 3G (£, 6l)E e 5V (n=r) et OF o5 Les

0558 Jub

I e Rl L Of slins 1 0B JWLy « ( £, 1) 2 ‘,-g;ﬂ\ﬂ_-;r_ha‘;@
. LAL.sz;,;J\ {aj} ﬂ:l..,d\k,;ag;y; P4



125

< pheall
(1 0 -1 2] [—1]
X
1 1 1 -1 2
X
0 -1 -2 3 21 =|-3] oVl e Ji
X
5 2 -1 4 3
X
__1 2 5 _8_5x4 § 14 L 7 J5x1
:JJ-\
10 -1 2] (1]
X
1 1 1 -1 2
X3
0 -1 -2 3 =1_3
X3
5 2 -1 4
X4
-1 2 5 -8 £ 7
< = X 4x1 T,
A 5x4 b su
(Vd;c%))JEJ«mQJJ-\@
(10 -1 2 4-1] 1 0i-1 2 }-1
S 01:2 =313
[Alb]=0_1_2 313 ~00%00?0
s 2 -1 411 00 0010
: I
-1 2 5 -817] 00:00 10
ob Juy,

p(A)=pld | bj=2<4

e (b O G Sy Sy e LY e ) LUl

-1 -1 2
3 2 -3
x= +cl_1 +0¢ 0
0 0 -1

s ot

J¢ ufj'ap.-u-\ 8 et SNl e (r2r) Gl OF slme YLl e Wi s ¥

o dads izl \oY:bl\erL&




ahadi OYaull 126

s b 0550 SYalall e ool O oline in OB ¢ p(A) = p[4 18] W= 3
cJ e 0 Y Wy Inconsistent
L e s LS G Y W5 0B msn U 3 *

M A s ede OB p(d) = pld | B]=n O BB —
P e Bl " W sda OB p(A) = p[d | Bl<n O 13y —
e de Y " W e OB p(A) % pld ] B] Oy —

. G b jasile 4d g (Steinberg, 1974) o s LW J):U-U

Jeat o oWl om0 Ax=b
Ax=b OYoull > pid=r . plalbl=p | ,__ muve
J> r<m<n r#p
Jyl-t o g r<m<n r=p m<n
J-t e gl r=m r=p
Jo o oY r<m r#p
Je1 e Bl r<m r=p m=n
>y g rem=n r=p
g7 gy r<n<m r#Ep
JP e gl r<n<m r=p m>n
>y g r=n<m r=p

pA)y=n<m B> 3 JuY J:1 V¥

: Lemma _p yad\ \igy Juaidh Via Tu




127

U ginall

PR PR PSSR [ P P 2 UKW S W R VNP i ERU O] [ S

Y — P DU s OV

s oSy
20 Ukt of gm pn VY il oo A~ B, 05 Uadbl O Ax = b 07 13

5 ="AX"b"2
055
6% = (Ax - b) (Ax - b) '
= ((Ax)’ -7 §Ax - b)
= (x7 4" b7 \x - b)
=x" AT Ax - xTA"b - b  Ax + b7
=xT AT Ax—2x"ATb + b7h

. a8 t £ f
=0 ) o5 e Jol el Just s

2
B AT ax-24T5+0=0 = Adx=ATb = Xopt = (a7 AV a7p
&

8%s?
dcz

=244" oY Ul 3Y |41 4o liay . Optimal Solution J43) 3\ 2 x,, &
Xope OF s Wiy ( x‘T(AAT)x>o Of 5T ) Wil dor oy Wlaze By AT 2 ,0.al) 5
- Sl Bl



128

i SNl

Jiee

i

#

QY)\J&»JJL.;J,EN:--\:-)

| ——)
—
1_02*0
_
Il
| ——
%vnix
(PO
—
S e

|

e Iy S il o

ob Ju

n=pld!s]

=3=

p(A4)



< piaall

129

Y — e e i ¥

3 6 2 -59 36 -7
Ad=l6 11 6| = (4T4]'=| 36 -19 3
2 6 14 Pl-1 3 4

3.88

= xopt=(ATAT1ATb= 0.68

034

oY — e @ e il g

S St Jo e 8 -
Bl oS Yk Jad gy (V)

‘2X| +kX2 +X3=0
(k —Dx; —x; +2x3 =0
4x1 + Xy +4x3=0

o) W S e gl o3 i

it
Pie s A= 0 Lt GU 1 e s ilnld (ol b
2 k1
k-1 -1 2=0 = k=1k=2
4 1 4
D k=1 Ly ¥
2 1 1] [1o}%
1
A=10 -1 2|~|0,1]-2] (% nS)
41 4|/ loo0io
y _
U



130

<Yatali

iad-i

M

<Yataldd g~

(-2

a

L 3]

LV

0 -3 0 0x
3

1
1

1

0 0}y

6 0 O0f:z

1 01

2

3

b

Dt d

Juy

¢y

;

x
y
z

0 -3
1 3
1 6

|

lis

09

Jb Jea J g el pladh J2

L_? *

P
y} JH OB @ =8 -
z

Gy s g0 o8 {

d



13 b gicalt

x
3@?\5J;U-\JI;WY\-‘45 y|ob a=8 > 3, *
z
x -2 -3
yi=10 [+¢| 9
z 0 -1
u 39-32¢ :
BRi s

Co= Ax=b oYl |- (M)

2 -1 4 3 3 3 3
5 -2 10 6 17 8 4
A: 5 = 5 = N b—.
-1 2 -1 -5 %=1 10 2=l0 17
1 -2 3 6 14 1 11
g
SY el ) LS
2 -1 4 3.8 1331 [1000/3)4!-4
| | | | | [}
-2 10 6117 1814|010 0!6! 4147
[418 16,1 b]= R IS P
-1 2 -1 =51-101017| 10 0 1 0!—-1!—-11!1
1 -2 3 6114 11i11] [0 0 0 114 11 |18
1
X X X3
3 4 -4
6 4 47 o
xl—_l , x2-_1 , X3 = . ol )
4 1 18
u‘ﬂ,—d'qAX=B¢—=$.X33}ial\-L?)‘B=|:~—fr-O'}JA=2 s17| o8 B (%)
| VT



et Yol 132

:J.H
of o
X=[fY_‘l.L{(l2_}
X1 Xy
03
|
Lol X X o1
AX=B = |2 550[-_1_1_5___12}_{: _,:.__]
TTTT Xy Xn 1,0
PR e o)
1 3 - .
'{2 5:]X”‘O = X =0 (I 20 oY)
I3 -5 3
Xip =1 = X, =
0[2 5:\ 12 12 [2 _J
e Xy+Xy=1 = Xy=1
5 -3
* Xy +Xp=0 = Xy = .
[)f‘_;f
-5 3
OI‘ 2 1
1 % ‘_ :
X=l-=r573
I
-2 1

AB @ a2l ofcﬁ,ﬁ\c m>n 015} nxm ii, BB ymxn i, ot 4 o8 ) (®)
HERNKS

AR W)

Of palall oy o mxm 33, M3 045G C O3« C=AB ¢ >
p(A)sn |, p(BYsm
p(C) = p(4B) < min{p(4), p(B)} = min{py, p, } Sy

min{p;, o) < 1 c



133 <l gheall

p(AB)<n<m op U,

. B3LE B yhnan AB W pirel) O (o

cole 0,5 AAT Baall Of Clc mo>n Oy mxn a5, OB A SIS (V)

D oY

BLa 086 Of £ B =44 o pall Jools 06« B=AT Jof o Gl el ¢ o L

- p(4-B)2 p(A)~ p(B) of =3t (V)

I ]
p(A)=p(A-B+B)< p(A-B)+ p(B) = p(A-B)2 p(4) - p(B)
1+i 2 5+i ,
CZ={ 2 2+i 3+if &S Mauall LS ax i (A)
5-1 3+i 3-i
e

S oo Lglaty iy > e 770 OF 2lpiLy RXeR™ o Z=R+iX pooy
ol Z'=G+iB

RG-XB=1 (I)
XG+RB=0 (2)

1=22"=(R+ix)G+iB) = {
Ofc:;:“J(Z)U:ul\y
G=-X"'RB
PSS () @ ol ) Bl Se JEhy L (X7 sy o sy )
RG-XB=I = -RX'RB-XB=1 = (RX'R+X)B=-I

B=—{rRx"'R+ x]" of



Lhi-t oyl

134

IO.S.A\;;SL.AQJ

W NN

5y S5 =fy.. G=-X"'RB o )5;=—(RX"R+X)>l — X7 oAl s Loy

. Z2'=G+iB

SE QU de Bl oY

Dot Ry b e ST AW bl

I 2 4 -1 6 1 3 -1 0 -5
@ 1 35 0 9 (i) 26 5 4 4
i x = ii x=
1 25 9 2 5 3 4 1
011 0 12 130 0 7 0
5 1 1 0] 3 (o 0 3 1 2
0 4 01 4 511 0 7
(iii) x = (iv) X =
0 0 2 1 -4 : 4 2 1 5
-2 1.0 4] |-1 (110 -3 [-5

o N E:Li @S o oy (1) AL 3 et o
c e — gl W a (1-iv) DL 3

W A | )Ais SOR &4,y (1-iv) WLl 3 ool o

ol =)

x(k) = D~1(L + U)x(k_l) + D—]b , k=12,

Q»cgg_,{l»&ﬂig)lﬂ\ﬂzhl\g»

M

M
™
(t)

(®)



135 S giall

Q)
B =(D-LY'x* D+ (D-L)'p , k=12,
Z.i,i\a\.i,é.‘al\gnA, D, L, U ¢ S — poglor 2yl 3,1 S Aslall 8
o) L 3
2+i 3 5+i
Z=| 3 2+i 3+i
5-i 3+i 3-i
Matrix Inversion Lemma _o St o & <5\ (A)
[P+ m7ou]" = P - P [HPHT + 0 P

£l Jlamzl S8 ¢ suslns

A A B | B
Anxn =["°1"L‘g'j| ’ A_l = ann =|:'"1'L_Z}

A3 :A4 B3:B4

AB=1 , BA=1
A4 =P | A4y=-H" | 4,=H , 4,=0"
0 -3 0 0] [-2]
21 3 00 6
11 6 0 Olx=| @ OY:N\VJ?‘JJ» Y
4 5 1 1 0 3 ’
32 1 0 1] |[3]




ekt Yokl 136

Do e, d el dm sl (Vo)

b or STy — o FSEEIn B
ol 13,
21 -2 57 [22
s 3 -6 7| |40
32 -4 2[7 ¢
43 -6 -1 |a

Jym—ard] gl Od pascl ¢ 4, BER™™ 3 x,ye R" & Ax=By 05 13 (\))
O8I A7'B B yhan Jo

5 -1 4 1 0 1

A=|9 -2 5|, B=|0 4 -2
3 -1 -1 1 -2 3

Oy AX =B O 13} X 4yl ¢ 4,B, X e R™ 018" 13 (VY)

e bt

CoU e (385 gyl syl il ST U J gl (Y §)

0 “P . - ‘



137 Joghlt i 5 — O yaall

SJe LI

D dadds Y-V

alalt Jor sinh (L8 o e JSC2y SR ey 6 Sl ) s i i
s
5> pni x (3 A Dolall 0da OB ¢ Scalars dwlis LS g dx e J e cax=Ax
P dl
(a—}.)x =0
Ll & gl o U1 Jdt in il y . x =0 Of s Uslall 0db Trivial Solution 8 J3- y
i Al od s we Wiglca=a o gl.. (a=2)=0 Of ,a, LL,,C.‘J
cx =3 e Bl gbu\..]a.i\ ob A
<t all J_> — QU)A.,:JJ %) il ‘..._.E.U Standard Problem .\ 3\ M\j
S xeR" ¢3Sy 4eC™ J 4eR™ Sy il 1S I5LA S dx = Ax
g OYolall e (BB x =0 U B i A e B e e Oty L xeCT
Y s Wl (b pinall 381 0 may Grldl ol gl
{a-aIx=0
b ol
|4-41)=0
pi—ny —y Eigenvalues ity ol ssimu‘ Characteristic Equation 33\ d3\al) oia
(A=A =0 aibadt Dol Gad 0 ) e gL SSLMJJ el B au e
Sl Sy L 4 A Al “"Z’L"U Eignvector gﬂ.U\ dolt :L...>- x LSAM;) .



Sl phanld LI ol U2 138

3 ) Latent Vectors )f ( Characteristic Roots 3 ) Latent Roots J—:a FICECAUPR P 7 f"T
R ;f@\ & ( Eigenvectors 3 ) Eigenvalue Fanndl ﬂ .. ( Characteristic Vectors
Lol ) J

Ll &1 gl ICECVRRISUAT R ¥ VPOV | LU VIS PN R T PORY - T
Jus Generalized Eigenvalue Problem
Ax = ABx
(P} L:S‘“ Z.ij.é..al\ Y &P Positive Definite ‘-\._o_.\; L’)ﬁ i$giae B o llas Byiar 4 S
el
xTBx>0

S alall ASCall ) b2 Ko adSall sday o x (§ a6 amie Y

Cy=23y
S 8 oy S5 ey i e B jhan L S B= LI by S
JWLy « Cholesky

Ax=AL0x=LA0x = Lax=alx = AP Cx=arx
of ud y= 'x )
Al 'y = ay

ity 3o 2 =] oty €= A o

Cy=Ay
NPy

x= (LT)ly

LB L 0555 g e ol pinall Of A Se o



139 < giaal

o Leplis)y Ollilazs O yinan 4, B Eom ABx = Ax Jou 6 51 2 300 Sliny
el S ) s 0F (S 87 o) JU8 b 2 0 S - L4 e e 5
. (i i go B 3lS 13} 1) D= ITAL o Dy=Ay
( Gourlay & Watson , 1973 ,'p.120 Yy S e Wil 2 ey ln SIS
e
(AO,V+A1,1"1+ ......... +A k=0

@w\aijdl%}imgfﬂsjrduh.sz.-,- A(;l )wrc?w;&rw

P Y Ol adly
X, =Ax;_, , i=12,ee0 ,r=1 , xy=x
B =—Ag' 4, , i=12,-eu0r
Julty
A x4+ AA e +A_Ax+Ax=0
A4 3ol
Ml + VA Ax+ V245 Ay e +AA] A x+ 451 4,x=0
:x e N ~———— e —
'_’_Bl =_Bz =_Br—l =_Br
ZLGY
Ax,_ —BA X,y e - B, |Axy— B,xy =0
o
ler—l + BZxr—2 Foreeeennen + Br—l‘xl + Brxo :ﬂ,xr_l
Y slalt Lfl; J..a.ﬁ Lgns
[0 1 0 0 - e OT'xO- [ xp ]
0 0 I 0 0 x x
0 0 0 I X X
0 0 0 0 X |=A| x;
0 0 0 - I x X, o
hBr Br—l Br—Z Br-3 Bl__xr—l | [ Xr-1




S phaed) A5 @l I 140

Spall Jo slae 2y
Sy=Ay
3 S5 30 4 ki ey Sparse Matrix Jieo¥) W ol o (IS Bpian S o
.guﬁnm‘_}umﬁyw,
OV 5 L) Raiis 2> el S Rl gy shy pl A i el
el oz s W SN e e gl

A el sl ALY Y
STANDARD EIGENVALUE PROBLEM
gsjm\.j Moy 4= A1) sl Oloo ik b ¢ Ax = Ax &0 il Ao b of ke

: Characteristic Equation &3l Ustali
|[4=A1l=0 = a+ad+ayd’ +oeee ra i =
L bleel) 2 SgY J yd> Bla g, ag\;agg}i&;. PRV I R Ji‘l"\"df‘”u‘:s”)
E I P
(4-4,0)x =0

Ay aedl Coball xS weall e J s e dsly

. [l ﬂxwx Al At Y gty D) ol e g ¢ Jte

3
1 3
A=

l:o = A-21-8=0 = 4=4 , Jh=-2

¥

3

A|ld-a=0 = ll";‘
30 1-4

-~

Iﬂ1=4 Jise




W S ghualt
3 -3 1 -1
(% S ) |
o] 0 e o
. X = U =[_11] =2 L Jﬂ.bo

DY Lt O ) ) A1 L ety ol e 1o oLy il

of ad G Jul 3 Head
M+=@+(-2)=2 , tr(A)=1+1=2
A, =(4X-2)=-8 . |4 =O)-3)3)=-8

A yioaal) il o ay (%)= 0 Of 6F L. Ohalaze 3%, OF (1 oW il Ll
.l

Dol jafladd sda e 8T 8w Lies

Theorems <\ ki \—Y—Y




B ghaall LU @l Ao 142

T ot

A=1 = |I-i|=0 = |[01-MI|=0 = 1-)"[|=0 = (1-4)'=0

ﬂ,’.= 1 R V] = 1,2, ...... ,n . Q}u\{j

% |

A’i = ai N Vi= 1,2, ...... R L}ub)

i (D-aid)x, =0 <Nl £ cA=a, xey

a,'_al O 0 0 b] 0
0 P — ) 0 0
(-alk=0 = “-a b

0 0 0 a-a,]b]| |0
()

X

SYslall e ot JUL

, Vi,jzl,z’ ...... n



143

< yiall

ol ‘=5T
0 Jj#i
c(=1 say)j =]

A Regtl) oLl A o) 055 Sy . (3o S Walidiny 2l Ble 2 € o

gl
L) \god (o) CIIS™ Jakh 13} 9 131 83LS O 4G 4 @ piuald

Ve

s oW

(Y iy 21 0 ) ot

= le

Ll 40,5 JWLy panny |A[ ENEIRIE f,s.a W el (Sd] ST L 3L

D0 Ayl
CEI ol i led 4,47 O ghall

Doy

oF I o g Syl e

4=}

ob gup,

r-al-

(4" —uﬂ =|d-all

beel I @25 0,9 Lin y Characteristic Polynomial &514! &3 331 s Wb 4,47 0f

LA ) i Led



Ol giaall LU ol USCon 144

AN gl i b 4,17 AL ()

Jdr' v "l Jo> 2 [ AL e 3N Gl
' A _.__J z,;t.gs u\gad.l

R
®

|7 AL - | = |07 4L - ar' )= |0 (4 - a0
= |4 - ad| = | | 4 - 21) = |4 - 1
I

LA el i U 2 s pad e Wb 4,074 of
a0l A i il CoLall 4 % pivaald Sl ya y of o8 (i)
03) ¢ A Al el ead Comlall IAL 3 yiaal) EAUREEY
Au = Au )]

L'4lv=av = Alv=ALv = A(Lv)=A(Lv) )

of gz (1), (2) B Lk

u=Lv = v=L"

AR
SMalas OLd  Real Matrix i—dod> 3 sianr 4 35S 13)
ClS 18]y L A O 4SS Of gt b L3I D3 g3

g g O d LD A8 0 1) dad Ai=a; +ip;

m\_..a.»\ Aa,n.a.d)uuuw&plk A =a;-ip,



145

W gialt

O (2, SN A dal) eorbualt SN et gp o, O
Gt u, @ g, N Al Colalt u, I )

.
B uk—uj

A%y {
LYol 3 ks Za:.-\f‘;,i.c_jts)tiﬂ Sy

DA R
A Bacdll bty A Bghaald 15 don go u O 18]
g_s‘awwfoﬂ(x,.‘wwa o Yau "’\"Zf

O

Au=Aiu = oadu=ciu = Alou)=Alau)

LA AN acall co-las 4 BM @b axce qu OB 4\:&\.,)
Multiplicity %3\ 53 : iy 8

Ja WP mooyd S e ;.s.wl AN dagllt O;ﬂ’&
) S 3 AgtS A an OF

ab s
Jat (A-Ax =0 Ysladl pla Jomd ¢ m 3,5 013 4 B had) L3 LA <SS 13
o il S ol pam e S Lo

ColeS g ey ) ST 15 A B el 390 Aad 4 O tS}fj
(A Al Al Tl A ool A e




Sl giaall I ool WSt 146

Aug = Auy
Au2 = luz
Au,, = Au,,

C M Joai a5 e, GVl 3 WWe @ Y Bl Oy

Alouy + aquy + -+ @iy, )= Aoty + aytty + - + @ty )

A[:lzlaiu,} = l(ga,-u;)

LA @\JJ\L._.E.UL-L@A EURVIINY I._Jl': {W Oﬁ [Za,-u,} ob L}L:SLU

i=1

DY dk
Obd ¢ (ot} donall Uy 4 W ghaadd 313 Wad 2 IS 13
S ¢ U dond) iy 47 T ghald A Zed O KO8
A7 éﬁ)bﬂj?bé‘.&qwé-\ﬁn

&

Do gl el SusYI 28 4t & N Co neN* ST 13 0
PA QB (L igx ) ol 03 ¢ du=Au Of s
Au = A(Au)= A(Au) = A(4u)= A(Au) = Pu

DAG (e g ) ol 3 eV



147 < ghalt
Au=u
A*u = 2u
A"u=2"u

o 398 1 e §u G womill kg A7 B phanl] L1 A OSSA o UL,

s Al douanalt tast gt AN Cor neN™ oS 1) o
Ok JLdby . 47! sy oy o Sl %u=A'lu O3 ¢ du=Au of Lo
. . . 1 ... . - _
S (L o o) ey 7 L Al Clian (oils amieS U 4™
1 A7t
Atu= A'l(/flu): A'l(}fl u)= A’l(A'lu)= I‘(/T‘u)= T

DA GO e ) oAl @)
Au=1u
A=
A "u=1"u
W_AJ)A" L—’)MA-U 1> ded Ojg.?l" oL Q}ub)(wfc__.a.ab-xﬁmc,:’-)

LA™ :}»ijd‘.g)gf.sbc.:a.p)dﬁnwﬁqu|ﬂ|w“
Tn=0CIlS 13) e
A=1 = a=l

U Sl iy 47 B phaddd 13 30 0SSN OF U8 ) ol I 3Ll 03



S ghoaal] 43001 ) WS sa 48

ab s
e Sy B yinall (6480 A1) uuwaogwmmumr
LISy A4 S il ek 4 I 2 ) ol U f 13) Sea
5 2m s pae oo (10) W 0K A 0B ¢ (Ru) Wb A4 S BB L A \glgme

CByaelS 4 LA

R |
Vool ) dalldl ikl At Sty

f(A)u=(§:aiAi}u=iai( )ia( u) Zal‘] = f(Au

i=] i=1 i=1
f(ﬂ)
() B oS f(a) 0B of s
: Ab s
‘..}).«:))A_J&:le‘,__.i]tu,ailjjﬂ f(A)=Za;A' syl Jo f(4) S S

=1
(W a__i,)as)uuui,u\opmm;,»}&,@}.(@l)\qutégg,usﬁ;su
O ¢ (Au) Lob 4 SIS 130 ¢ QU o oy 0 bl (3 2aad aally 0,55
) b ) 5« Gin(@)u) W Gin(a) ¢ (2 +3445,0) U (4 + 344 51)

COBY e 1 aall S olad s ls ud Wl 1»3\, of ts,ah e



149

b giall

Real Symmeitric Matrix ihadds A3l 4 gic ol NS ol
 Orthogonal Sul_sa O S5 AU \gitgrens § A Lad O S5

A \giams 6 Distinet § juacs 3310 Lgadd IS 13 SU3
S8 el gt Wl g o (4,24, Vi j GIE 13y
' . Balass Lglas

Do

D03 ¢ (Au,) STy (A ,) WA of o
Au; = Ay, , Au, =4 u,
Pk Jeet U Ty * das oy )T G (Gl 0 ) LY 0y
u;TAu,- = l,u;Tu,- 1)
() =l)T = TAT=BT @

DAl Ja AT = A pheaaly u @ (o) ) () Bl

u;TAu,- = /l;u;Tui 3)
(- 2 N, ) =0 FORIOYES

DY Al s g s Wlaliy
D= ) SIS 13 e

-ZJuf =0 = 2=4,vi

g .S 4, Of

: (i;tj,i,-;tlj) COlS 13 @

(A,—A:Xuj,u,>=0 = <uj,u,->=0

. Oldalacae U Ol ‘_5\



Ol piaell A0 it It 150

A pus
O U RPN W PO P PR T ouﬁkﬂswﬁ:{QLu \'u; Wl Cb yisall Cals

ol J) ol ot

DOV ¢ Skew Symmetric Sy Wtaze B gie ;.

. Pure Imaginary Lo ’Q ) &‘ \
134 ) Biorthogonal Jabaly datana O )ﬁ g 3¢ x5

13} ) Biorthogonal JS\——sly Blalazs O ¢53 A1) \@igonca *

c oS L)l Py s O

P ye il

: OB ¢ Skew Hermitian «d\wdy &y A gheain 4 GO 1))

. Pure Imaginat;iz 102 0655 LI el *

13} ) Biorthagonal J3\ ey bialnes 3653 R ‘6?‘&"“ !
+ (B jpane 2L @ 200 «..3\5'




151

Ol gdall

: z‘..,c..; 03] ¢ el e 0N il 0db de-Lall 25130 ool &

Au; = L,
Ay, = 2y,
Asui = l?u‘ V" = 1’2, ...... , n
Anu" = A:’ul-
Linear Combination i\ 3.5 5 -, S5
Citly + Colly + Caliy + -2+t +cu, =0 ¢))

AP T W PRNINS V N T 1 LI, LISTIT” Lt L RO DR

Clﬂ/lu] + 02]/2142 + 0323143 e + Cnﬂ,,u,, = O (2)
c,ﬂfu, + cz}{%uz + c32§u3 onens + c,,lﬁun =0 3)
ol Ty + P Ll TRETY) | AR +c, Ay, = (n)
gl e S Se @) J) (1) o Yol
IR
[clu] | Cyldy | C3tiy | o | c,,u,,] 1 A4 B - &Y =0
2 n-1
LA, A A J
b 4
¥ =0 . )f

(M2 foab — J U il ) Bl 8 0,5 (3, % 4)) Ma a S W B hall



I ghaal) LAY ot U2 152

S ) Y] ag Y s

H‘M&u‘t\)ﬁﬁ‘};w)m o~r‘)¢.ﬂ\‘_;1‘);;goizs)uu¢§q)
P P VT W D SV PN YRR RS S TP S S TR U Y B
N S WU FUNLSTRG PRPRVHPELIPR ¥RV

Gl ey Sy S 0 P

i1y Olgman g 4y, 2 oo, by, W) il WD 4, D713}
G gt WA c.s\_flj G J A up,uy, ey, Al
8 Y,y Yy Rbae 31D S\gaay 1, g1y, e,
A el pmn 8AQ B @ pall fol> OB (3 N

4@y, dlas b O\ g A,

P il MU s g OF G g )T G ¢ a el old) @ ead
C NS

s oWy

(A®B)Yu, ®y,)= Au, ® By, = Au; ® y;y; = (Aus,; Ju,; ® y,)

C 4, @y, blas b Olgmtey A, 455 3 W A®B OB LUl



153

b giall

;WY

03} ¢ & ] Bwlide 208 S

(1, +d)® 1, + 87 )=1,®1, +£{4®1, + 1, ® BT )+ 24 ® BT
D

;-T{,,.;, o
(1, +24)®(1,, + &B")=1,®1,, + eD + £ 4® B )
i) G e (+eh,), (+au,) o (1+aA)T +6BT) o pianl) 15001 o ST
- op Sy (sl
(1+a}.,-X1+gyj)=l+g(A,-+,uj)+gzl,»,uj )

(s +a15) 9100 81 W 0,5 0of g D ol ud (2) 5 (1) 3 ,lac 03 ¢ Lol ST g ST,

2\&)‘9

CASal) o oo ARy AL iy, 3 3 N D @ ghalt
05T ¢ G O @ lgatdlon Gibudl AX + XB = C &b ghuall
)20 gt O 13 B3

APPROXIMATING EIGENVALUES 434s 314! Mﬂ‘ sl ¢V

: The Power Method (S 48\ iy ,b \—¢—¥

RS EURCIVES IR VIS TN RPN PR WO SiRU PO T B H N PR BV

. Laregest in Magnitude \.>)s }53“ & A1 Al 54y Lyl DP



Sl piaeld N il US e 154

n
= )
x= Za fid
J=1

D Jeat ¢ i Je A, AT e AR 3 ) e i) Bolall oy

Ax = Zaﬂ,v(’)
Jj=l
_za /12 (J)_%Za( )
J=1
_Za ,13 (’)-AZG[ ) )
Jj=l
of gi
_Za ﬂ" v _ Aza ( } v(’),k=l,2, ......
J=1 v
Of Lo il LS
PR TR X
03)
4 g
lim| — =0 s V.]’k
k>0l },‘
Jbe ‘)L‘Jb)
lim A*x = hm,llav(l) | )
koo

([f<t oS L5 elsy )y dal ) )l Of L) 5 amlall 0 @ # 0 O 1343
([l z1 08 Wy wels of L)y



155 b giall

gae (1) 3 b Of o STl Akx o ill Scaling plghs Jons p o5 Liss OV

"lLu dl [PREDY) ' Unit Vector 3>~ § dorie dlad) o x )l;i 213 JAAJJ c Y he pfy
e xﬁ,oo) W«)Ob( o—  pde)

-k,

t)

yO = 4x©
Y

4 =y
Lot

(J)
a Za /1 A%

Yp g
O_,MH_"T _
CHTEYR T T T

g Za vg)
a ﬂ,lv(l) + Zajﬂjvg)
alvg) + Za V
alvg) +Za ( ng)
)+ Y ap)
j=2

=4

: L;J.YK x(l) JJ;_) ¢

W=y, ot e e rol g2 R g2 0V

O 4O
x(l) =Z._ X

D0
yﬁ’.) VP,
S 0¥y 1 =1=|x®| o3
AZ (0)

(2) _ Iy _
y=Ax" = —5
Ve,



156
S ghoael) I ol U2

2.0 o
@ Z“M; Vi /yp,

@ _. @ _Yr _A

H T =Vp = (1) ”
1
Za ’ljv(j)/yz(a,)
) v(!)
v, +Za ¥

= ,11
b +Z “ ( ) W
. ® 2 N . T D&JJ,{
2 E yg)’=”y( )|L Cs e 48 a0l 4 Py
D 40 20
LR sz) = 12) M
R YR

2 {X(M)ﬁ=o C"—P“i‘g—" dwlme Cay ai L..if_fl.;;{.;,} . x® le«m > - Lliaj
Cutt {y"")};::o ALl LS e dmglizey {Y('")ﬁo

) = gD
sk
av +Za( J) (i')l

S = @

1 J )
alv;’n) 1 + za/(Z] va-)
J=2

(W]
(m) _ y(”’) _ A"'x
t e
m
& HyPk
k=1

Lty - [0 =y et e 305 a5 el) P Jorind g S 3)
OB ¢« 4 3 Lol Y



187 | ' S ghalt

ﬂ'j
<l , Vj=23..--- NG
A
. ol
lim ﬂ(m) =4
m-»>x

Co #0 St x@ Gt by

il Colall O EAUREEUN (RS- {x("'>}:=0 ol e Of CUSY Sa L.AJ 3
LA gl

St a8 3 e b Sy L. Power Method (s 3l ady (s bt oY) 4a tia
A Ol y 51 ol L “"“’J;ss‘“ Uyl 53 gue SISy @

15 pioald St o ¢ 215

-4 14 0
A=[-5 13 0
-1 0 2

A el U

1] .
L 03} ¢ ( "x(o)'L:l of ¥y X =[1] £ ¢ s, ady b Jlanzaly
1

10
RUSRROT
1
S . 1 >

e gt ] 10
ﬂ(‘) = 1(1) =10

s
1

)

PUSPARIRY ¥

0.1



S yheaald AL et A

158

N NP P [ R PN M I i»v )

m (Xwn)" 4

0 1]

1 I o8 01] 10

2 [ 075 1-0.111] 72

3 [I 0730769 -0.1888034] 6.5

4 [ 0722200 -022085] 6.230769
5 [l 0718182 -0.235915) 6.111

6 [l 0716216 -0.243095] 6.054546
7 [I 0715247 -0.246588] 6.027027
8 [I 0714765 -0.248306] 6.013453
9 [ 0714525 -0.249157] 6.006711
10 [I 0714405 —0.249579] 6.003352

{
XM=l 0714316 -0.249895], 4, =6

L -y dmie B of Ly

OINL . (Burden & Faires , 1993 ) (3 a-—ss) 3 S Alel) & yiall jah o)) po Sliny

Dol 3 BASIC iy e ey cple N e Gt e )l

. ( Appendix A )

: OR 3 Householder &)y s Y—£—Y

Sy S 03 s Al b Jlennad LS W Alleze 4 @ yiaall 0,8 B 3
D pa Al & Householder = y# Jlaninly & il & sk

P=1-2ww

Unitary % s>y P % yinall *

b

we R"
 Olala Ol U 1y
Symmetric ez P % yinall *

CPTP=] U ol o PT et B gy Ll Sk 0ol 0Ly



159 ca\l,‘.dl

b pian d) nxn i) olb bl 4 yiall ‘Y)i J:P-; Householder ;)\ s>

Sy + (A o) s U 5T ) b similar Age\oa » Tridiagonal i) 355 Uiz,

( Burden & 3 px¢d) (5,0 ag OF o oy 2 Jall o} 095 gaj )13 oo La asST
Al el DY OR ooy Jleazel (o 35U 3yl L Faires, 1993, p. 525)

: Householder ) )\ %

* Vnd I Upq Ow‘} A=A,,x,, h)ﬂadlb n U)\ : Q"’.'.\.“
(A dyiall Jo 4D 06 yiall 8 Skl (Shaghs S 3) AT @il \:O\zﬁ.{\

—> (V) 3)-—12-44 e RINPE NV k=_1,2,---,n—2 P"iu’ L‘_-;JQ Q) 3,&;-\

c(VE) gl
o2 1 (Y) 8 ki
q= i(ﬂﬁf’
j=k+1
w2 ¢ ad, =0 O 1) 1 (W) 8 ki
a= —q%
e Ny
_q%al(cli)l,k
al(z’:-)l,k‘
oo i (8) 8 ghd

2 k
RSQ=a —aa,(H),,k '

( RSQ=2r" 1 ibyda)
& (9) 3 ghad-



b ghaadd 1) ool U2

(Goanl O3 22 y=yy ==y =0 1 dbyods)
&P

— k)
Virl = G1p — &

g2 j=k+2,n oy

_ AK)
v, =ay

=0 =Y
(w 0 2 )

e o jEhk+ln ol (V) 8 gt

1 n

i=k+1
1 (k) (k) "
( = Eg‘Q—A = ——Z’A v A.b)ﬂ.c)
&2 (V) 8 ghad-1
PROD = v,
1=k+1

; 1 o
( PROD=v[u=?v7 ABy b )

&2 Jmhk+ln gdd 1 (A) 8 gl

) PROD
Z = uj - VA/
2RSQ

1 . 1 .
viuv=u- viuv=u—wwlu=— 4w - yw! = 40
2RSQ 4* r r

] 1 3D el
(AR = gt T =(1 ~2wwv")A"‘)(l —2ww7')

™
1

u-—

160



161 ‘ N dall

OOV SOV ) S AE T = kA Lk 42, n -1 el 1 () 8 gl

@2 J=l+len odd s (Y0 §glab

K+l K
a§1+ ) = aﬁ-, ) -vz, - v,z
() (k4D
a;"" = ay
&2 Y 5,}#4
”/(/kﬂ) = aI(IK) ~2vz
&e i (YY) 8 ghs
= vy,
2 J=k+2 0 m o (V) § gl
k+l) _ (k)
afqv“‘ = aﬁ.k =0
2t (VE) B s
Kl (k) - ‘
aiﬁ,k = a)((+l,k ~Vi+1Zk
kel) _(k+D)
a/(f,/:n = ak++:./<

— B bt Lt 2 AT e 6 2T il 1 A ol )
(A(k)

LB g W5 (Ol ) AU W paall g szt (1 9) g

Ll i ¢ Symmetric i leze A7 L byiall bl )

. (A 82 Similar 4g\w s « Tridiagonal

g3 (p528 sl C"'/‘U o 5l S ) Householder < 4 PO



41 -2 2
1 2

A= 0 1
-2 0 3 -2
2 1 -2 -1

s
9= (a,;l)2 =% +(-2)2 +(2)* =9

J

‘)5! ¢ Ay 20 O L 3

0
4
v=
-2
2
4 1 -2 2 0 1
_1pr 20 11l 4 %
12-2 0 3 -20-2| |-%
2 1 -2 142 JA
PROD =6
1
—
-— 6
R B
3
0
0555 Jully
4 -3 0 0
JPC T I R S
1A -%
0 4% -% -1

ol b



163

OV giaalf
1 0 0 O
p_ L [0 =K K %
RQ. |0 K K K
0O -% A K

. (Appendix A ) { >l 3 BASIC aaly jis o)l Vin {5 ) ugt O3yl y

D (8T Jadl e Dl O f oY

Ayl g aall gl L a0 i) 0SS Idempotent & 53 B yiadd) &f <5 (Y)
. pereall

oY

Op JWLy A2 =4 0,5 A4 4l b yiadd) o 3y all

=2 = 2-4=0 = A(A-1)=0 = 1=0,1

1 5 a3
el o5 1] G amae b A=11 4 b| Byiall Jad g, bed ] (V)
1 8§ 2 6
-6,"-‘\“ LI olgamally ol
e
5 a 3|1 1 4 =16
Au=Au = |1 4 b|l|=A41] => <a=8
8 2 6|1 1 b=11

D et |4l =0 sl g2 o

2152 4200-576=0 = (A-16J# +1+36)=0

Jul
—1+i143

'12,3 = >



S ghoadd A1 gl US2n ' 164

cug=uy O ST Ofy wyuy st Of L5 Jey

SOl 0 O phean 4, Bt Willaze 0SS BA 3 AB 3 b it of iy (Y
V_‘) ol pan p] ( )
‘ A gl G B A ,f

Ao |

B3 (LS i ) ol L ABu = Au &

BABu=ABu = (BA)Bu)=A(Bu) = BAv=Av

=y =V

- v=Bu o (Av) BA 0B « (Au) AB —3 O 13} &l om Wny v=Bu o

LA Olgmal) B8 patt ki b 4, B OT Cslb (4B = B4 O (§)

el

&

of L_gf .. (/l,u) W4 &>
Au = Au (1)

CB G b A o (1) @y
BAu = ABu 2)

TG N e Q) o

ABAu= A ABu=ABAu = A(BAu)=A(BAu)

=

ol sl .. 4 a_Ju'J\a.,zj\wA;SA_Jg;quJ,ABAum;hoT@mj

BAu=qu
() ) SNy wlie S g S

Au = Au
03

Biu=au = Buz(%Ju



165

U giaall
S yinaad) eldl Aol ods c,.,i:\.ba) (a/ﬂ,) il ied) B LR Of‘}.’q ia
S il e ol Of b o piaal] 450l op w3 OF Bl (Say . gy

ol L_;T GV W P 1P

A(A)x A,(B) = <46

5 -2 -4
-4 2 5 '

CieslsT 4 S Ol e B SU B aall & T T7IUAT

:
Y. R TRV I WK i) ! Jedt e

1 1 -2
u1=2 5 U2—0 5 u3‘— 1
0 1 2

g O B Y LIS | 1 A el e b OF r o U ot O0NEes 3ty OF oY
A , =
OBy w5 e el

C: QS(\)

l11—25—2—414—1100 4 0 0
T“AT:§2 0 1-2 2 204 -2 5|=[01 0[=[0 4 O
01 2|-4 2 5]-2 1 0 0 10] |0 0 A



166
Q)

s

D
A

<

.

R LRk

ekl Y

1AW

Sl (S yrne ) Az 0dn

"’Am)

oy Ay R A U pheaal) 3 @

wany
Ayy = diag(4, 4,
-4 0 0]
0 4 -3

|‘A
s -2
0

A’Ab'

o

.()Uﬂ‘Jdmﬂ‘é U3

) ASin o

s

v

OV giaal L0 i) UKt
Aibyadl

J

JuL
0

R -
[= TR T ) 1 ! 'z
I SIS
e ]
Q TU f..ndm nV:U ..l _8
B TN S I
| [ TTATTYToOTTT
! [ [ [ (IR
I S N A
L q ﬁ “ Rk Sl st
OO f i< OIEl IO olgl-lo
SR [ e i P 1t
N Q010 S IR
PSRN —_—
nv“AM_:._nu
Rt Sl D
i

=
3 —
2 R
= T IO IO
! AL N
= =
~
1]
-——
—_ . .
T IO O
& ] |
[
[

Ty oot B
QIQ i o
b

| ]

f [

I N i
e~
nu“AM“: ) ©
SO N

)
1

: R:JY\ QY: (\ &;E—U.Ou\.hj

=1,2,--

i

1,0

uU)



167

oAb gheall

o §”,u§’),"',"§'§,)} A gl {,1({),/1%:'),...,,1(43} RV OTPRCORATH

Opé\.ﬂ\v. m iS5, e A Wil

Nl_b 0 D 4(2) (2 21 (
{/1( }_{l} ’1(2)""’1511,’1% )”ﬁz)""’j’mz)’ """""" A'IM)”'{’(Z’")""’A’(M”,’,.)}
DY A gt 0,55
] [l 0[ 0] [0) [o1[o] [9o]
oo o w2 ool |l
{“(.—H}z ollol-lollol Q e -@: RTINS , _9_. , _O_A e _‘O_\ L
_(_)- _(.)_ —(—)— L"b‘d 'b‘J L'b_d Lu,(m)d _u-(?m)d uf’:":)
\-"‘:‘-..
ut e R
Dakee £y

J—adll 51y Semi-Simple g a5 @ yias A4 b yiall S ols 13 Gl *
.ilwwlaﬁo,ﬁm OB ¢ ( paa))
S yanall oy Bl 3 ke 3513 o 2 gy AU Lo ke o S ad) af *

. A

i

oyl o LgalST S dlaall B yiall O

5 -2 -4,0 0
|
-2 2 2/0 0 \
4 A||O
A=|-4 2 510 0 |=[---4-—--
‘‘‘‘‘‘‘‘‘ o O:A2
6 0 0:3 4
(0 0 014 -3
L‘..A}
5 -2 -4



168

b ghacd L) @il US e
hol={,1,1,0)
o Ll Lglgma
1[1[-2
{4<‘)}= 200l 1
of{1]f 2
& A B yiaal] L gl y 2510 r,m,
{/1(2)}= 5,~5)
2101
@}_
-1
G el U 4 D pinald OB S
4} = {1,1,10,5,-5}
&J\.U\ CJL‘:&.‘.U)
1M F=21T701( o 1)
20t0({ 1 {{oll o
fut={lo} 1| 2 Lol o |t
oflol{ o ([2({1
oflofL o f{1jl-2]]

LS B LS5y Normal Matrix Aew\i— 3V i gially i 4 idgiall (V)
Of ol SIS | g a2 Byl oda e Of o) 44T = 4T 4

0 A{aa" )= |
(i) A(A + A‘T)= A(A) + A (A)

c gl o Ll A ()

eI

O3 ¢ B=AAT g5 Al b 4 0l o)

. o7 VT .
B =(ad7) =44 =B



169

U phaall

i Lghar o Sl L Al s b QWL Lamoh Bjian B= AL B iall 03
("R e ol W) Juadl il ) TTIBT = D bl aly oy
Dl e SR SLYy o
Joke 8 il y 451 Olgmall as yast i Wb 03) ¢ O] 4,47 o il of G
(Au) B A S5 05 ey A il ks b 4,47 SIS ( Jeadl) s i (3 8
03 ¢ () W aof oad . (X07) B 4" o

au=Au = ATau=24Tu = (4Tap=22%=|u
. |,1(4)|2 A el W 0,0 AT A B aall 0B Sl
¢ elis
du=du = ATu=Iu = (4+4Th=(1+7)

A+ 2 () (a4 AT 3 jaal 0B Jut,

iy ad O ST OY AW b ghaall — jladzly) Y-y
DIAGONALIZATION - DIAGONALIZABLE MATRICES
B Al B piall s 4 8 phall I Slgnill o 5y B T8 phall o Gl

D (Au) b A4 a0 giee Y dade Lits 25Y) @5\ y Modal Matrix

AT =TD,
Sl 2y 5 iy A B pheandd G A 2 kS ol & kb B yias Dy Co
CikeslS TR 8l 3 4 B paeal] 45100

. Independent Eigenvectors add Ly L1 Qngal\ \—1-v

OB it 4 Al ol OIS 15



S phoaadd A il U 2n 170

pT)=n
0559 QUL ¢ 3 T 055y

-1
T7'4T =D,

;\_-_,U'\.o:h Zl.!'}’q.;‘\ —_ L:L_?.T P )f Diagonalization Z.&M\ — 5};-3(\ 33-._..,45\ IRTY
Ay il Al s hnall, AU 0dn (3 A B yiall sy . Similarity Transformation
A0 Sy . i Simple dhgw ULy Semi-Simple Ugud) dods % 4221\, i Diagonalizable

. D, o Similar to (igi\ow 5l Wleza

210
Cagll A={0 1 1] Byaall ) Jle
0 0 3
D
@ABM@\JU\‘.__EJ%
l|=2 ’ /12=I ﬁ3=3
L;ma._.ﬂ.:\.)\\.gj\.g:n_h)
1 1 1
=10 . wuy=l-1 , u;=}|1
0 0 2

T iy albll u,M.U OB Wy L (8 jeene 35N (all OV Wizews 151 Solganad) OF 22V )

A il
1 1 5
T=0 -1 1
0 0 2

L s
1 1 =3
=0 -1 4
o0 X

JUST 3 kil 5,55




171

ALY IV

1 1 -2 1 0offt 1 1] 200
T7'AT={0 -1 %0 1 140 -1 1{={0 1 0|=D,
0 0 %Jo o 3/o o 2| {003

D s b1 gl LEAH1 Al O giuall Dl : dela Dl

. -._:.'f ;\iﬁw@)mb,);oiwudi&wupuuung

T'=7"7

u_b}o‘_j.._uﬁ YUl oda (3 byl gemay . Unitar Matrix & 34> y @ yias T 0SS st

. Unitary Transformation § 35> §\ s 93\ o Congruent Transformation

1 2 0
Ca ki 4=|2 -1 0 | #hall el Jle
0 0 5
e
L. I PYSESN U RV
/1]"—"\/—5- l:=‘\/§ N l‘=_‘\/-5—
e
0 1445 1-4/5
=0 , = 2 uy = 2
1 0 0

iyl 2 yaali OB ULy . ( <ul,u_,>=o,v1’¢j ON ) Wit a5 Solgmlt O Samy

Y R PHENT T
(V5 ) ol (=5 )]

0
T=10 2w 2/l
1 0 0




CILPFENIEERUPE ISV 172
0 0 1
O ‘“‘ 5 5”“2“ 2/ 0}
1= V5l 2/ 0
QWS & kil 0,55

i 0 o Tt 2 oo (+v5) ] -5)u)
T'AT {?m@%]{u,” 2/ |us 0}{2 -1 0}0 2/|us 2|
J5 0 0 _

bl 2/l 0fo o 5]

DUl 0dp s e aeniy WS (W e

5 -2 -4
A{—z 2 2}5@(@&1\)“:“\6#\4:7)7:‘)&

-4 2 5
e
@A:\AM:L;\.‘U\—;J_\
A=l . A=l . A4,=10
& A gl

) J—at Ol adat iy ( <u,,u1>=o,v,’¢j OV ) Wiz &3040 Solgamadl OF lamy
&\ Gram - Schmidt <& — ¢ Ay b Jleazaly sdalens Oolgome s (U uy,u
cd oW 3L s



U giall

173

: 4

—~ ~ _<u2,17> 1 ~ A
Uy =uytcuyy , c=——s—=—— "2——%
s I

Uz = Uy

: Normalized 33>y} phda 15 Lot Lgdatt ‘.5

Ji S5 %
H]n = %/g s ﬂ2n == %[g » U3, T %
0 Vi %
3l 2 pinal) 0,55 JUL
g Vw A
T=\Jg ~Jw h
O Jm A

Ly
NN /I
I =T =\ Vi ~ Y@ i
A

JUIS” & il 0,55

TAT =T AT
Ji Vs |5 -2 -N)g Jm A

“Vw S w722 2\ m K
% K K-4 2 s]o S oy

A
1 0 0
=0 1 0|=D,
0 0 10

ol o =% dfg_,.é\.mfc 77! Jﬁ:gd.qﬂaf T O;@TQA T uww\‘diby
rlan 15 amia y O 1) i oY (A WS TTUAT =D, 0 W TTAT 2D,
LA @\M\@\Juww&\sw&if 4 OB d A aall



S phoaall I il US e 174

(m:.m.n ) A dl"' gan Buazall 49040 a\.e.’.c:l\ Y—‘\—-Y{
Dependent Eigenvectors
— u,,.juw}ci.uyoisj..{;p‘)i.:ag,hsAJnaﬁc_vuwmé
ot @ s 0 S Jordan Form sy g JS& o Generalized Vectors Aaaal! PR

5,34 3} J e ) Jordan Blocks O\ y gr

AT =TJ
TAT =J o

sl a 34 e gl ¢ ple Koy L B e cdy Akl e 3y 3 B gieas J o
. Non-Simple ¥ yb STibloy |l Non-Semi-Simple Ugw 42 pb s sivan

JORDAN FORM 013, gr JSb V=¥

oS8y o Db iall sl ) Non-Semi-Simple Ugudt 42 p b sinall Al 3

O Sl 3y g e U T Gl (S8 Y Y S 77T =D, JKa ) ek y2
ks (S bpinall oda ¢ (AT =TD; BV b Gad b o oy WU Lgilgmza

o « T'AT =J &t (Jordan From d\:),zJSJa_g WJ)QJ}:.EJ\O»%}JQ
. Generalized Eigenvectors Aeand) Ll gt u""“‘: b de gt A oda 3T

1S o U ey e B pheze Ll 055G S ¢ SN 2 e bl 3 6 25 0V
a O Uy 451001 il 0dd 3511 Solgmall Ol X6y Multiplicity %) ,S5 <5 Lguizay
Sy SO W LR RR PR VPRER R W Olgmal) A yast (3 Golazel

— g Ol e 3 m aubi:'obsﬂ bty 3413 A W 4 B yhiae Ll Of o i
R RUPSVIRPY [ tYP I o o i (sl .. 3 5mze 3l

{A(M)’lm+l!;'m+2’ """ ’An}



175 O phaall

ﬂ'm+i¢ﬂ'm+j 4 Vi#j
Sy m ) S5y il i aam

{ul’uZ!""um’um+l’um+2’ """ 1un}
ot (s 1sBmazs sy} e i) 1 gashl Of UF WY 0da (3 . 4 I 5L Sl &
AT e oF Wan dinen e {ul,uz,---,um} 1 gastl Loty At LI Olgansl)

p{ul,uz,"',um}<m

p{um+1,um+2, ...... aun}=n—m

T=[u1 qu : : U, ]uml :um+2 ; ...... :un]
o=SE Y A4 Of U s Jliy . 3 adll ks K6 Yy o3y ye pb T OB UL 33L5 6 pa

. Non-Diagonalizable & jo) \—gden_>

: Proposition 1 : V- 2\

o y—Mally Linear Combination i—kd-\ &5 3V ¢l + ¢yt +-+---- +Cpllyy =0 3
(g a3y ¢ =0 bt ) ) 0SS Lk Gl Y1 ) A e L
D (A-A) 3k A S o

ef(A- A + (A ALy +- 4 (A AT, =0
R —— — —_—
:0 =u1 =um_l

ol ggt

'C2i7] + C3172 """ +CplUm1 = 0



S ghanld L gt U2 17¢

F(A-A1) 3T il

CZ(A“AIWIJ'*'C:‘(A_M)I%"’ """ +Cm(A—M)‘vm_l=0
— =u, =u

m-2

02171 + 0352 + C4173 LR + cm_lgm_z + Cmam_z = 0 (1)
Gyl + c4i;2 +oeeeee + Cm—lgm—S +Cplp oy = 0 (2)
Cthy + oo +Cpotpy—g t Cplly3 = 0 (3)
Copilhy + Cptls =0 (m-2)
Cuthy =0 (m-=1)

W Sony v Gy =0 O s (m-2) Wolal) e 5 ¢ 6, =0 Of gtz (m- 1) Blall o
O_,\’ﬁ__s.f,. ¢ =0 g)fc;;;...s(]) Dolalt o ¢ 3=0 ofc:;;w'(z) Polal) e o0
Lhil S Ob ~}\.:5\.;) . =0 O{c:.:..u rWWAN I TN

L I A 3 Y Gl Y

DAY e 3] Sy Wites 0SS (il By ) St OF g

l!A*l[)Tl:O ’ (A—il)?izal—l ’ Vi=2,3,---,m!




i =/ ghoalt

A172 = Mz +171
A'ﬁ3 =}vl’73 +§2

251000,

sy, |
: I i Ll 4 2l gt 3 oy b5 )
(A-AI¥ =0 , (A-AIW =i, , Vi=23-.m

o e O)gi (ul,uia"

*?um) lenll O ¢ ) oo\ cﬂb r\.\;‘.:.,,b;

DY) L Bzl ) i Y5 Y Ope il e L] Lealss o et e




S giaaal) AU @llt UL 178

gy Ay ol B it g} 05505
a1 8y gualt 7 0 gial) 2l . Jordam Form

el OV
O s m icAd Ll Al 3 Ao 30,55 Hla O 13) *

p(ul’uZ’ ...... ’um)=l

t SYS Jordan Block s>y 013, pr 36 3 45 A0 2l oda OB

A 1 0 - 0 0]
0 A 1 - 00
M S :
L S T ¢
0 0 0 « A1
0 0 0 0 A,

ol Non-Degenerate ) il & i yisally i) 0 a 34 biall Sy
. ( Non-Derogatory
cals By Ll *

m=p(ul’u2’ ...... ,um)=r>l



179 SV giaall

ot myxm; S B ST 0l g NP e r 3 e A A Al i 0

PV e e G Sy D m =m0

j=I
(A 6 0 -~ 0 0]
0 A &6 - 00
Ji= s 0
0 0 - 4 &
00 0 - 0 Af

(V=1 Juadll o D gle oy f

5 4 3
A==l 0 =3 e TTUAT=J 0,0 St Tag pallll Byinall s gl (W)
1 -2 1
D
L R TRV
M=dy=4 | A=-2
g5_;5.125\_1.51q,l.g,-..._-.uj
1 1
u1=u2= —1 . u3— —1
I -1
oﬁ@tow\op\;wg,
1
14 ﬂl—u1= "‘1

e (-4 =% = (4-41f%=0 = =
-1

SIS T 0SS JuL



U phtadd i1 gedlt U2 180

1 0 1
T={-1 1 -1
1 -1 -1
0559
4 10
!
J=10 410
S
0 0!-2
.T*AT=J;ﬂ¢~Lhcﬁ£»Y
2 2 -1
CA=|-1 -1 1| Byaadl T, J dgl (YY)
-1 -2 2
D
A o
A=Ay =A=1
gna.;\.l}\ol.p;.l,“\)
1 0
uy =0 , wuy=|1
1 2

C AW sda o 33 adl 2487 JUl A 3 Caaaie

3

Ao gl uuy e e LS5 B &

a
u=au+fu=| p .
a+2p
G5y e
I 2 -ljq a
(4-af =3, = |-1 -2 1]qg]|=| 8

-1 -2 1|g| (a+2p



181 g

VS Ll e gl

12 -1y | a

-1 -2 11 B [~|00 0! a+pB
~1 -2 1 !a+28] [0 0 0 i2a+p)

Cq 2 -3 =a O,—i_:)ﬂ:—a .L__;:«‘;fsa+ﬂ=0 MVJ'-JHMJ.»:S\;A&}\;!Q)

055 Jlt asf Judly

a
u,={0
0
ra=1 .L’-L)
1
u,={0
0
o

, uy = au, + bu,

O3 ¢ (= oSNy ) By o Jitees 0,5 Lt

§3=0

ST O, July

LI Uy ) S i (ngmse 3y Ul 3 03 ) ST Jany JUE iy




S ghaal] I el US 20 182
. PSn oy A4, & jeachl 5NN ‘.,_.35\ Wynady o im e Qe clST 13 ()
CTIQT =k O el T0T =0 o 13

g% p
P SV Ol S o Yoy S Q A ) yisall

rlor=J
Q=TJr" of

)

0" =000 =rr ) )= g LT o T
ktimes ktimes = = .
ktimes

=TJJ o JT = TJ*T!
N———
ktimes

P 3 Adg Ay 8l AU o Uy 1 35 n e Q B pinall IS (£)
O 131 dadd y 13 kr_u:oQ"=o of et
4| <1, Vj=12-p
e |
D SYS Oy S8 e Wiy (S8 0 A M1 B yinall

T'or=J
OF =T/ T §1 TTIQMT = g% 0,5 sildl JUEdi ey
s {4, 20 =l ya (s A L b 05 ;55‘ J* LISy Le 20 B yhean J ST
Sy .k e 3 580 200 Ll RN o e 52 n e 055 Ly ¢ K il

05



183

b gheall

limJ* =0

k—w
Cm Way L =12, p e aadk |,11|<1 — e L ) ST 1S 03) dadiy 13)
' RPN
DAk e
P 3 ol 0F o LS it ¥l o 2 S G o) ) 3 ks JU L

. gs;\:J!

I G o filw A-Y

bl |4 ( )Nzlepotent,n.nll Gl @ yaaadd a1 o] ol el (V)

— B Sty U B ] (V)

0 0 9 0 0 27

LA S (D WO A=

100 I

60 4 0|+180 8 0 |+6l,
h
4| Byaall Je b il il (W)
1

(=T S
o = O

. Biorthogonal J>\J\ selaze Al Ol Lab 0,50 4,47 of ) (%)

‘B_Ja;\;u\r,aj\c..x@&»oﬁ,q__}a,:udu(.,zj\gi;.;is‘/;:p“lsp o8 1) (8)
A Legilgmae Dy B 4l o

D agtal alsleadd Hs;S}\ sl (V)

)=|A—ﬂ.[‘=a0 @A+ ap A e + a,A"

G

i a=l4 . i) a=C10 (i) a,=(1)"m4)



O ghoaall AN o)t U2

Of el ¢ 4 dmy e 0 ji0al 231 Slgaall dof x 087y Alaze B yian 4 <387 1)
.L_,..Jir:‘(z,“gz,a,.{cc,,,)A_lz,n;maL‘,..:hwzua,Q (A—cxxT)
LA el G B

PRI L:-\.G ())i? Orthonormal oda bl B i) agldll r.,ij\ ol o)

O™ 13) 4t el

¢

(A—ZI;IVl:O s (A—/ll)?mzﬂm—l

(4-A1)'u, =0

184

M

)

Y

OF (51 1uad Aor g0 B piaan M Em ATM = MA @ Gis g Geid 4 <3S 1) < (Vo)

s OlaS A(A) OF el L (Lad) Sl Yy xeC Y xTMx>0

tr(A")=i/1f7 Dol et (YY)
i=]

L olgemiey ], 2, 4hlas i e SO S ot A Bhas o (VY)

1 0 -1
s_.,fj\j‘ulﬁ P,014,1 0

o) 1) |2

4 \ 4 \ 4



185 Jushlt i b — Ol

c,g/}// LJ/

: E.o..\ﬁ.o \—-¢

G5 f(A) Siyiall digs e LT gy pla dig 8 Bl O L £
oy 0V ol s adazas oy gy Jigallodd oy € .. ¢ cosA ¢ sind ¢ e ot
Jn 35 b . gl Wa o Blorl 558 Ll Sln o . € Laal 1Y) 0db o
LS ¥atal y adolidh w¥olall Joa 5" Asly ) JSLen o 3 b yiall &l e
-y
t)
SA)=fo+ fA+ o2 4o (@
Fh ey . ReR e |A| < R O\ 13} Convergent % ,\ize RGOV S W11
ST ¢ gt lia e £(4) 3 yiall W 5 4
flA)=fol + fiA+ fr4% e ®)
U oy ¢ (WL Jaass Y o] ) §jonse T B phaaald 23000 o OF ol il
T 3 (b) il i JWUy « T4 T =D, -Z\’)_T"AT=D,1 of ke 45 ¢ LI
o on T g Jled) o

T—lf(A)T=f01+fiT—lAT+f2T_1A2T+ ...... =ﬂ)1+fiDl +f21)'12 PR

f(A)zT(/i)I'f'fiDl +fZDZ.2 doeees -l ()



R 1
S ydalt Jigs 1]

Lk 131 WSy L. e () 3 onme sl O el B panall COlST 130 S f(A4)
) Ji G Sy ¢ ] < R O 50 3y £(8) — gl o o il i ]
Oy A I Gl el e bt S OIS 3} 83 g e f(A) OF ay Tula T

. f()=TD ;T
At ISt @ piall Al of st 0Y1 LSe
f=Y fid . A=
i=0
ols” 13
SA=Y 1
i=0
A___.__Sa;m\r,as\éag)\;q;)ﬂajuQuudsﬁvug,.d\mofowﬂ\w,
ULy ¢ THAT = 0% 0,5 0, IS J s T7AT =g - ada 3 0,S0w S
g IRl 3
A =Tl + fiJ + 177 + > 4o -1
Aol 3 ol s 8 ST OSGy (§ U ) e Rdlie B yiae Gy ydll Gy B pial) 0S5y
DA< R s )i M f(3) e gt 055 g et

CEL In(/ + 4) « cos4 « sind « e’ St F(4) ol OV LS8 s
Dk LS L e DLl e ool Ly ez 3k Bas S

(g 4 A) Hladzul sl Y—¢
USING DIAGONALIZATION (A _is semi-simple )

PV Al ey f(4) B Gy adl e

f(A)=if,A" , f(l)r-if.-/l’
i=0 i=0

f(A)=TD; ;T ol y

S sy b



187

S ghaall
| 4= diag(ay, a5, -+, n)
f(4)=diag(f(ay) flan ), flan,
% |

ol @l . T=134 =a, 03 ¢ 4 b4 0l Lom

f(A)=IDy, I = diag(f(an ) flax ) f(@m))

01 13) rad
500
A={0 3 0
00 2
T oL
sin5 0 0 e 0 0
sind=| 0 sin3 0 |, el=l0 & o
0 0 sin2 0 0 é?
Sy
1 30
A={3 1 0| tm e gl Jl
00 5
D g
@Azs,j..a..\sa,:\.m\.,ﬂ\
A=5 , L=4 , 41=-2
0 1 1
u’-—o s u2—1 7 u3—"l
1 0 0

op Judb




ol giaall Jiga 188

0 / /ﬁ . . 0 0 1
“=°/0‘(')/ﬁ’T=T=/ﬁ /i 0
) |

J5 ~)a °

0,5 Eutt (U Y Gy glam g a2 Sa O (gf

50 0
T'AT=D,=|0 4 0
00 -2
ob Juby
735 0 0 etre? ef-e? o0
e”=T0 g“ 0 [T"==]e*-e? e*+e 0
0 0 e? 0 0 2¢°

W Ol E

Cllze 055 f(A) OB lae Byhean 4 SIS B 6T S (Y)

g

CA=TD,T" 3y T7'=T" 0, S e 2 T ginae Sl 03) ¢ Wlezs @ yinan 4 Of o
J(A)=TD;T" s Jduy

- L‘*.)

(ray~= (TD/‘(A)TT )T =TDsyT" = f(4)

C Al 055 f(4) of

sin? A+cos’ A=1 of o) (Y)

gy

_sind=TD,, ,T" = sin? A=TD_ ,

sin 2.

cos 2T = cos’A=TD , . T

cos® A

cosA=TD



189

N giall

o Ji s

cos

sin? A+ cos® A=T(D ., +D_s W™ =TD ;. 7" =TIT" =77 =]

. sin(-4) = -sin4 ol <5} ()

sind=TD,, T : Sy

OB Ax =Ax 0813} Sy
(-A)x = (-A)x
P ey (FAX) (A) S OB (A,x) WA catsT )

Sin(— A) = TDSin(—l)T_l = TD—Sin(A)T_l = —sill A

e!=1D, 7" , e*=1D_,T" oy
July
e’ e =TD,T'TD, , 7" =TD,D T =TD T =7uT™ = 777" =1
=1

e 2aST E o (Alx) U 0SS5 (40 OB ¢ (A,x) 4 0T BTy (o)

R

tt 3 ealy Ax=Ax 03« (A,x) U4
(tx=)x = (dtlx=(Ath

- (A,x) Wb 0 U of




<l giall Ji g3 190

M =TD,, T ofedl (V)

DAY
DALy L Gl et e sy (An,x) Wb 0SS (40) 03 ¢ (4,x) W 4

At - TDe().l) T—l

tet=mD, T = £=1D T : OSY

‘e, = ) =) - DT =D T

1 _ .
] = 03

B 2 R U O S\

et=1D, 7" = " =7D,T" = e*=1D_,T" ) |

et =10, 7" = (4] = TD(UA,)-IT" =TD ., T

1 .
(4!)‘ _e d)l

T 3 alaall 4 @ paal) Lar, 13 e C s 25 ) ol (8) 5 (7) Ll O By

1 30
DO by gy A=(3 1 0| oS @l ) sl ey Sl
0 0 5
+e et —e 0
et==|¢t e tre? 0



191

o ,ul \
. etve? et-é 0 1
e = et-e? et+e? 0 : é\:ﬂu
0 0 27
e4t + e-21 e4t _ e—2! 0 7
A =_;_ T T R T e
0 0 2¢™

At o ek 3 b B ghaan e OB o ey ¢ |eA'|=f[e"‘ cofedl ()
i=1
Do
=Pl =T e
S i=1
=|1|=1

alt (6 5 Y Bl D OB (Lol B B Wb 5Ty 835 A IS S oy

s ol e At ('-_Jc-«-;-dfuaj 35\.&)}'9\-;5\3 et Of olina \.l.A) Ieml;‘:o Opr-:gﬂ)

1 -
(eAr)' — e

e =10 = |e"|=1]

D,

77| =|D,x

(Mg & 4) Oj:hu_“s&\flbm plisaly ¥—¢
USING CAYLEY - HAMILTON THEOREM ( A _is semi-simple )

0 plen — S s s
O 131 af (ol . Al \gdote i€ 4 Mfupy
|AI- A =ay+ @A+ +a,A"=0

agl + ayA+ - +a,A" =0 o

. ( Finkbeiner D.T., 1978 Jail y Ll LIS — 0 s 3, Jay 2Ll 3 ol gy
&)




S gdaall Jigo 192

U 3 oY1 Ly of i@ e g Semi-Simple gt 42 6 yivaall U] padi O 4o
. ( DeifA.S., 1982 ) A5 (3 Non-Semi-Simple Ugdl 4l p& U yinall

v a

0SS {u;} O‘c,,»,.(\.smxt:e)ﬂ{. (A1) b g 4.2 Byivan g, g2
of s .. LY ae (S8 C" of R 3 amze T 0B ¢ C" f R™ (3 tlizus 25 4ot

op Uy
n n
Ax = Z c;Au; = Z ;A
i=1 i=1
n n
Alx= c,Azu, = Zc,.ﬂ,zu,
i=l i=1
n n
A'x=) ¢ A"y; = Z A
i=1 i=
U!-.' ‘}\:Sb)

(aol + A+ a Al 4o + a,,A")x = Zn:c,.(ao +ad +a A+ + a, A} )4,. =0

i=1
)AJ,:-)S\JJ-\ Opcr\&wxdfw).c (S

aAd =0
>

i=1

:O}d.»u__gh,\figjhs oW jan V-Y-¢




193 b gl

of b,
n
D ad =0 @
i=0
1 n-1 )
A"=-—) ad o
5.
D ad* =0 P AQ () e
i=!
n-1 -
a, A" +a, A" + ZaiA' = P ol
i=0
o 4\:’\”
n-1 n-1
a,,A"” =— n-lA” —Za,Ai =-a,_ l[ )Za' Za At =£"£‘—'L2a1 Za'l‘i )
i=0 a, i=0 i ﬂ i»0 i=0
by

L &L_L nz-la-Ai=nZ_la~Ai a2 W | «—l-a
(an)z'a" i i ? i ()2 a, i

i=0 i=0

I Josi 0l iy ) ez

n-1
A= g0 k20

i=0

kUL af ety B

I p §
fy=Y aA 2 of o e

D) ) Jlaasolyy . o a5 gy b2y



b giaalt Jiyo 194

n-1
An+k =Zﬂi(k)Ai , k>0
i=0
1 om Byl s 5t M i o e -1 e el o G @l e el S
s atgd g b ol .
n-1
A=Y rd
i=0

Sy Y, e

i

]

|
i
A
P

A —————

3\&! J Vandermonde Matrix & g 3l 3 gias gﬂm&‘,{g

Ll
N
C AT G Vel b 4 B ghand) dye il B gieas 13D s

DS
BRI

oA B
Sl 3 i paall 0da suoen Lhi G Ly 4 Bpiad) G odll A A4,A5,4 5004, 3
AT (RN



198 U giall

f(A) = }/01 + }/lA 4o 4 yn—]An_l (a)
LISy algr 4 4 OF Lol
Ai# AN |
T'AT=D , T7'4'T=D , T7'f(OT =Dy,
PTG ot s T 3 bl 0 (8) ey

T_lf(A)T =yl + }’IT_lAT 4oeeeens + },n_lT-lAn—lT

¢,
G )

Dyay=vol + 1Dy +y,D oo + VD e

2

Y dazedd OYolll e Ll so 5 oday

DV Kk B ghas Je ot WU AS el s yall 3y

Ua & A7 ] W]
1o, A2 o 2o AAy)
1 A 2o AT | = f(is)

1A, 2 e 2 e Lf(4,)]

W (Y eab 3 YA Wl ) A A OV ) L b e b B ke DT s

. Unique -L:) J—<~u Yosbieoe SR BIPW o J’“"‘;

1 2 .
. A= O8I e sl Jee
[2 4} : Ao




b giall Jigs 196

1 4

syl +pd o ey (SBU) E ‘S’BO]{;] O JWy ¢ (T 15U )
1

o M -

S B0y Whaze e of Ly

MINIMUM POLYNOMIAL S ! 433 903\ € —¢

Characteristic 435\\ 45 gud! Job ¢ U 42 pé Jf Ugr 45 Dyie 4, OIS 15
Charateristic Function i\l Diay, Glo-f ‘_,.....: & O(4) b e iwy ) Polynomial
O o Y el L $ 0 b inall B pial) (g gt ) 4, it A p (4, B pinaald
8y (& i phoan A (5
f(4) = {A)g(4)
I i 5 gl p () S B el o @ 3 e 530 Of it

.\J.LpgSJL.J

—ﬂ

A O Y (g et g o U ) 4, Tag ﬁﬁd;
(ASusn Cyu doryd b gy ma) Mﬂbi@kégdr 3
s o) et T g 0B o - () = 0 D55 St

Pt (IS psmyp e o0 m(A) , my(A) O gd 2 9my i Lies 1 O

m(A)=my(A)=0



197 U ghaall

3
ﬂ .
m@A)=Y et =0 , a,=1
s ,
M ) -
mA) =Y BA =0 , B, =I
i=0

/. #-1
m W) =m@A)-myA)=) (@ -BW =) r i =0
i=0

i=0
Ol pd my(A)my(A) Of s o jlaz lag g1 oo ol B2 13 13 25 g Sl O (4
O oS ey + Sl gt a ' (A) 0S5 A 0da 3 6Y Ol
. Unique 884 3 0 S5 5 e 45 935" m(A) OF T . m(A)=m, (1) = m(A)

sl 00455 OF ot P(1) =0 Cutt P(R) A3 g JS

. m) & ,uh st s

Doy

of gl L. aadll 3l S OF 255 Les
P(4)=m(A)g{a)+ r(2)
of ad A — el g
P(4)= m(A)g(4)+ r(4)
P(A=0 , mA)=0 SNy
r(4)=0 03}

i3 g oﬁyug\ odd 3 m(A) OB W« ( m(A) drys =) u oo P H(A) s STy
. P(A) r:~" ma) of sl .. P(2)= m(a)g(2) 0B Juuy . Mol 1(2) =0 13] Y1 5 nal
. P(A)=0 08 1) P(A) 2T apa g (s ‘..:.a: of g m(A) el 3 gt Of (o



O\i,‘-ﬂh J‘J; 198

N i3 b J (4 - 4,) Linear Factor s Jats §5°

L m(d) Jalse op St L 0S5 0(2)=[-

Do
031 ¢ m(A) Jols oo e o (A= 2) O oy (A= 4) o m(2) i

m(A) = (A -4 )s(A) +r
: k)i-\;A—JﬂyAﬂb) C,q\:r) ([J—l) & s(/l) g L
m(A) =(A-AL)s(A)+rl, (B

=0 (¢ B

DS AZ Wk r20 O B

(-0 A)=~r = (A-4 ,(— s(A)) _;

r

|J.__.‘JA._SMLU\‘..A\L5J;-\Q.&), ﬂ) (A Al)w&@(—S(A)) 0“‘"&','-:\-#)
0555 O ot (3 ny ¢ osSmn b o (A= A1) OF o 09 Miny p(A=2,0)<m OF (o
0¥ . (r=0 0‘6‘);3)’-',';.5;\-0"'

m(A) = (4~ A41)s(A)

L) o oo oo 85 YT mR) 5 pealt 2 piomld Y T 2l B aze oy

: Py

8t Aitd e b Ut ot Ughes 4, S 13




199 b gieal

s Iy
OY gl y iy
®)= |4~ 1= V-4 = D -4)
) s
m()= 322 4)
) ob Juy
o(3)= (-1y'm(2)

8 eadll A i Al 3

Jord ¢ plos JKtd U a2 g Bgha 4, wm
et Wby AEU 23 ) B G (1) 5 e q;,g-f
- (g S Jueay ) 0(1) 3t Jot gt o

g% 1

g5 s cllasly S o o pllall i Y
1 11

A=|0 1 1

: 0 01

o(1)=|4- 41| = 1P(-1)

Ly

digs""-“ud‘"
m(1)=(2-1)
of.x:n:....‘mQA_gub);cA)J

mAy=A-1%0



Ol ghaalt Jigs 200

Sy A S el B3 pidd b cd m(R) OF (g 1n g

m(2)= (2 -1y
| oY WU edn 3

(4a-1¥ =0
lis”

(4-1f=0 , 1<k<3
oy phall 350 O3 b yinaal) Bl m(A) ALY B b dm 5 4T ) La il il
c__z-b: of r_:‘.U {s LAl &) AZ,A3,---,A" e ug.ﬁ_c,.} Lo staef b ols
| . ( Hohn F.E., 1973, p.416 )
Gl g 1 3 S5 oLl 2l 0Y Lais ACon m(A) wad Of J 3 of &

Lkl (3 Lo ai ( Deif A.S., 1981, p.llz)qb’g},w\ ca,w\»‘-&hib Uy Ao
D(raddh a3 Ll 3 ol A ) dlgdl 4 b jhally Loty LU

(A= 2)] 0P Uhgw a5 4 I8 13)

+ 8 el 43001 gl

38 s Cop |m(d) =

Doy

lj(A ~A0)=(4 -2 I)A - 2,0)-- (4 - Ad)
= T[T;l(A ~ AT N A= AT T4 = A D)

NS c(?\':U. By X 7! qu;-Y )A_SModaI Matrix aefu‘ uﬁnﬂl“;ﬁ T &

s

[ [¢-41)=1l(D; - 41)D, - 451} {D; - 2,1)

i=]



201 b giaal)
P WL SE N Sy
e d i SUl g el o s 52y 3 8 (D - A1) Bsiall ()
- . il
C R b B yhae oo 4 hdll lyiall O e Jel ()
wlbyial) 3 ol LW e sy g0 L iV iS5 (1)
(D; - 4.1)

O QWL o Viny o 0,56 of ot [0 - 40) ol Jolh e il 0
i=1 )

35y SE Yy (D) oo JS o 522 WY 2lls ) s aaall 3 gadt o m(2) OF (6

VIV S R o

:uulwﬁhd.craﬁ a@u\(v),(\‘),(\)a%\buﬂ\ Ly 56 Ab e

P R

500 0!0f0!0 0!0] [0 0 0 0

o it il | B e

0i0 0foloi3 ofo| fo 0 0 of
0i0 oiojoio 7i0l70 0 0 0|
010 0/6J0i0 0i0] [0 0 0 0




W ghalt Jigs 202

:o@\ywlu;)@lciutﬂhu

OP ¢ §jpe20 13 @b Uy U &b A= 4, SIS B ()

m(i)= (1) =|AI - 4

$ W3S B jrase A5 @b Uy Mg b A= 4, SIS B} (i)
OB (ssn)

m1)=]Te-2)

-5 dln or & Jaks 0 Wig

SE A Ao gy Ugw oD g8 A=A, SIS I3 (i)
A giall Ll ot daons Il Slganas b
o yrr) (S8 Ct (B3 b 04T Gy ) T dy il
Yy [m(2) = D(A)] © 5S35 Attt 0dn 3y [T 4T =
LA e sl e ) S8
m(A) Obd ¢« idowny g o g8 A=4, SIS B} (V)
s o [T(-4) SOR) WS o 055
i=l
LBl A0 ol

sy olbyiall Jigs Sl 3 (1) J2 2 Wb m(d) Lade 13) ¢ S a3y
cOydels — ST k5 Jleazaly

2
1

o O N
S N -

} — pi1) )t e
-3 -




203

U ghall
D
9JA_S:_,;\.'\jtr,aJ\
/1|=2 /1222 /{3=-3
:,{l=2 -\.&J
01 2 |w 0 ~5v; =0 vy =0
(4-21u=0 = [0 0 1 [v|=|0] = {v,= = {v,=0
0 0 "‘5 V3 O V2+2V3=0 Vl=

bygal Jou dsl S WLy L 4l g E
a 1

u=|0|=a|0
0 0

OB o5 oy (F 13U ) Aswin pé Lia 4 4 yinall

01 25 1 2] [0 51
(4=214+30)=|0 0 1]0 5 1[=[0 0 0|=0
0 0 -5/0 00/ |000
00 -9 5 1 2] [0 00
(4-217(4+30)=]0 0 -5|0 5 1{=[0 0 oO|=0
0 0 -25]0 0 0| [0 0 0O
m()=(2 -2 (A +3) 03}

- m(A) = d(4) 0,55 of (4 3 il e iy Liay

1 0 2 1
01 3 0

L A= Byiad e ol
002 0] et el o
000 2

P B oy (A=2,=1, A4=2,=2) A4Sl B




b yialt Jigd 204
1 1 1 2
1 -1 0 3
u = , = , U3 = , Uy =
ol 0 270 *Tlo Tl
0 0 1 0
S(TBU ) Al 43 4 B pinall
sladzwyt o J oY1 dd k)
et Loy T4y alall @ 4a0ll ot
I 1 1 2 L 1 -5 -1
1 -1 0 3 1 -1 1 -1
T= e
0 0 01 20 0 0 2
0 0 1t O o 0 2 0
gy
&0 o e (821 _e:)
o —rp 7|0 e 3le - 0
< 0 0 e 0
0 0 0 e
Oﬂah_@\f%ﬁeh\ﬁw\q s agl agy Jalt
m(A)= (A -1)1-2) ($15U)
o JW
ay+a;=¢ a, =2¢' — e
e 2l rad = =
ay +2a; = e” o =e —¢
ey
er 0 2 e21 _ el (621 __el)
oAl = 0 ¢ 3l -¢ 0
0 0 e 0
0 0 0 e



205

b ghalt

lg__qg_aﬁmﬁugofbu_&\{&ﬁdws o—¢
, , T tons

By Wlaazul die 250000 33 gidd 2 |4 (6 anall B3 gad) OB Alg 4.2 4 87 13)
it el A e zeN) 3 Aol sl 5 g O OV iy L 0 ele S

| of &l 1S5 e il
14 R A e [/@W)]
1V A4, B - B a | [f(A)
L dy B o B e |5 )

1A 2 e 2 o] LS

-

5=1
f(A)=Zc,A' , s<n
i=0
Reduction %7 § 351 Sta of J 45 W) 0dn 3y . ekl 3500 ol 30 a5 S

. in Order
ST OV o 5 ¢« e b C3 P i By U 05 0 4 Baal) 048 Dl 3 L
ol sl () a ) S sy o, ) 3500 @ adss 05 &1 &5 it Sl Lide ot

n-1 ) ‘
fA=) 4

i=0
I ede 3 Al g dlge a8 4 Bpiall 05 D @ S8 Lot s U
N3 () (e U i i ) 5 G g S el A gadt a3 Of (e

k
H(A*/t,l) , s<k<n
i=1



W giaall Jigs 208

My Ragie Ty b LSy . 5 ) 2 b B3 g0 s il ool S 50 K 2y
5 e gl ) gl 0SS L) g gl Sk BB bds Slaay | el

(©(@)= - 4 =0)

TE ) |
®(A)=(A-4) =0 RO H|

S GiE f(A) OB ¢ 4, B yinad 10 Uslall o

f(A)=apgl + A+ a A + - - +a, A"

o ‘}l:llu

fA)=ay + ad+ az,lz g + an-l'z'"-l M
ol 462 3 2l (1) B sl

f'(l)= ‘;—d'; =) + 2054 ++eeeee & (n _ lhn-ll"_z @
dl Joai SN e (r-1) Jolidh Yz

2
f'(l) = gdl—.zf = 2a2 + 6a31 4 oereees + (n = lxn = 2h"_12’n—2 (3)
i\ df
f (/1)= W =6a; +24aA +------ + (n _ ]X" _ ZX" o 3hn—l'1"_3 @
(n-1)
100) = S = (o) @

d/l("-l)



207

S giaalt

Db piall 5 gl Jo gay (K6 M) J) (1) or Yol

1 4 A Al

01 24 (n-nar?

00 1 - (n=Dn-2)4"3

00 0 (-1t ] L
=U

a
a
a,

n-1

[ S ]
F')
= [

Famd®y)

¢ iedd (g ¥ () ole 0o Jeol = ) ALl U Melall 8 ginze sas ST

 tizs Yol odgh S

&p.b

C Al Y 3 L WS f(4) Sl 3 oyl s Tons Jlenzal LS

,qu\\.'uQd)ufuwuwthw\éggldjwlﬁ)\ﬂ)

2

0
A=

0

10

2

0
C =

0

|0

O O N O O O N O

SV - O O N O O

O O O N O O oW

C Uyl Gt ey Jle

[T - S =]

[= 2= S

o N = O © N o o
N -0 o N = O O

A B giadd iy ;Y

P Pl 2,2,2,2 WM Al B



208

S gdalt Ji s
A & giall gL v
g 4o b e
Non-Semi-Simple Semi-Simple
p(u17u2"“!un): n
p(ul,u2,~--,u,,)<n A #FALViE] ji
bl d
o Uois 1 i s
Derogatory Non-Derogatory Diagonalizable
Pl g1ty )= > 1 plu,w.L 1) =1 T 'AT =D,

mi s dy S5 WA

m & por %)‘,ﬁu/l

T (AT =Dy,

Generalized Eignvectors u

7=[z71 e W

Generalized Eignvectors U
T=lm - #u, -

n

m(L) = ﬁ(/l - 4)
i=1

r—:-is\ e 5 S
8 jmakl a5V

Ao,y K2

Jordan Form

s, o K

Jordan Form

~?*‘AT:J T'ar=J
T f(aT=J, F AT =,
A 6 - 0] ]
!
ool | e
P R g
T u=lo 0
CHCRER A B N
0 | :
— : O /1'1
W2 IS gy | L2 Sty 005 B o
m g b S

k
Doy Emem i i) S
J=1

m(A) =7

n

m(A) = H(,z - A)=|Al - 4 =o4)

=]




209

il ydaall

-

(= = =

0
0
0
1

[ e
(=R =]

Sl A gkt 0T BNy L Al b g ¢ Akt B35 Slgmas W OF

m(/l)z (,{ —2)
4-21=0 oy

P

il s s (el Al sae = ) s =1 O Gy My
B @yl iy Lab
oo e N Lilgmey 2,2,2,2 Wl 30

000 07y] [0
000 0lb| |0
00 0 —1]&] |0
000 0|b| |0

A gkt AT S adey L a ket 055 by by by O e 3 by =0 gsh-;‘iﬁ;
PSS YY)

(=

S - O
o - o O
S = = -

of Jé;-W)

a
,O[ul Uy, Uy 114]=3<n

OF ad SIS . aote y Agow a3 pb 9 JUIL

B-21#0
(B-21\B-21)=0 Sy

03} . (i Sy



210

Ol giaall Jigs

m(4)= (-2
—A U =5 ) Ii[(),—},,.) v g o 15 Algen 4 b B pinall of‘;.z,.;m,
i=1

. ®(A)= Al - B W55 ony (5all 2510
DY Okl — WS & i Janzs Wil f(B) Gl£Y
m(A)=(1 -2} o
055 QW y .. slaall e (2) Jis 450 3 Lais Hla 03)

ay +ayd = f(4) ay = f(A)-21'(A)

fB)y=ayl +aB = Ry
@ = f'(4) e =r@

P(A=2 Oyl g Vi) 0B ¢ f(B)=H ST

ay =e* —2e¥ | a =te¥
0555 Julby
1000 2010 0] |[&¥ 0i0 o0
i
) R I [ AU L T
0010 0 0!2 1 0 0 |e¥ re*
00 0 I 00i01] o o0lo e
s dnla darYa
' B —J s 6l s
2 010 0 .
I
0o 210 o |2 9o
B=10012 1|70 2]
! 0T
0 010 2



m U gl

| ¥ 010 0
ezt 0 1 2 :
Br wl O] |0 €10 0
€ =10 e i = Y 2t
‘‘‘‘‘‘‘ 7 0 0 e te
0 V€ i 2
0 00 e

LYol 2 ) oy Lo 0S5, lay

U=t b 3 Uyl ol il Y sleY : ab le

C i yiaad) Ly : W
o 3o ) Lpilgmany 2,2,2,2 W ol U

00 0 oy] [o
00 -1 0fb| |0
00 0 —1f&]| (0
00 0 0[5 (O

L gt ol S ey ) 055 By O com 3 by =by =0 Jams iy
P SV VL)

1 0 1 1
0 1 -1 1
of > (o] > lof " o
0 0 0 0

of Jb—)\.‘:}

p[u1 Uy Uy u4]=2<n

O ad SlIS” . Aonin y W 42 32 6 SN

Cc-2020 , (C-21}=0
(c-21¥ =0 | Ry
03 . (i 2S5y
m(A)= (2 -2y



b ghalt Jigd _ 212

SIS 0 plla LIS 45 Jawsd 5B £(C) l2Yy . (GL ) 2l DL 43 ey
:(:M\Ua(l))!m.u)\ﬁc-)
Ay + A + a2 = f(A)

fC)=agl +C +a,C? = {ay +2a,4 = f'(A)
2a; = ["(4)

o = F(A) — Af'(A) + —;—ﬁf”u)

= = 7)) - )
@ = 1)

P(A=2 0 eyl @ W e ) 0B ¢ f(0) = e utsT b

1
ag=e" -2 +2%Y | =te® -20%* | a,=—12%
2
0555 Jub
1 000 (210 0 0
219 0 ¢
, 0100 0'2 1 0
e = (eZ' - 21" 421%™ + (tezl —202 |
0010 010 2 1
00 0 1 010 0 2
4010 0] [ 0 o 0o |
|
5 % —_4_:4__1 ~ eZI leZ! %12621
+ =g e | =
2 0 0:4 4 0 ezt tezl
00104/ |0 o0 o0 o
. darHa
C—J&jﬂ-—ﬂ‘;\f\;
2 0 V
' o ol |-\ ______M___-.__
2,000 [ A
)
Czo:“iozoi 0 2 1
N 1
0,0 21 L0 0 2
010 0 2 !
t



213 U ghuall

@10 0 0

o 2t :L 0 ~ 0 EeZt tez: _;_t2e2t
A vl I 2t 2t
0] I € 0 : 0 e te
0.0 0 &

. QY:M\J_C,QlL‘La)be)‘:\JUJ

B I BE R E IR VE - N PAVIEE S g

DHM;‘JQ:L{U
o oS A Wplgaany 2,222 Gl il b

00 0 0fa] [o
00 -1 0&| {0
00 0 -1kl |0
00 0 0]b| [0

i ol dol Seadey . a el 0,50 by O G- 3 by =by=b, =0 gh‘:\.'u)
P SIS (L)

OO O
OO O N
o O O W

Oi L;-}\J)
P[“l U U u4]=1

055 0f ot WU o 3 Awin b LSy U 5 18 gb UL

m(A) = ®(4)
s, N
m(2)=(1-2)
m(4)=(4-21) =0 of



S ginalt J1y 214

Y Ol ST Janii 6 £(D) 31£Y

ag + A + a2 + oy = f(A)
ay +2a,A + 32347 = f(A)

2a, + 6a;4 = f(4)

6a; = f™(A)

f(D)=ayl +a,D +a,D? + a;D* =

e e ) 1 o Wl (A =2 OF JlzeY 3 2V ae ) 0B ¢ £(C) = c.smsg,'.
PO Al e B S

2 3

1 ¢ %t %r

2

PO 01 ¢ %1
00 1 t

00 O 0

C e SR Nt b 3 U U e O L6, e g

s ddarYa

013, g b e B p Va W 3 D @ yinall OF LaN ¢ B, C o pinall an as LS
:opgwu,‘ J3

.o\;,:fbw.kf}_'\.l.l)

;L s
y o ele SN | S 3 Generalized Vectors e Sl sl£] 25:\:;,.(.1\ o
Ll 34 L ool il 8 0 pinall W 3 icanl) gl S5 ¢ (4 B phnall
glit_sagjjadt.,mrjd,;‘m@,g\uﬂﬁ‘guﬁ)@wﬁ,..u,._-lm,a..m

C G el g L e g L Ol

U}l‘&_)\f “—¢

. e"’" o f ,4:{(2) ;} ST ()



218 N ghualt

P

-4 =(-2f =0
R s e FPa yry Wi E YNERR EeR VR 2,2 & N el otc;:..; Ler g
b i Of 3 .. :.,:L,. O 5lals — S 3 i Jlamst adazs Y JUlyy ¢ 311 3o gkt
D oSy (83U ) L O S Wi ge e

e =ayl +a At | )
ey

e’ = ay + )it Q)
DA Jady (2) Jeliny

e’ = a, A3)

22),0) ¢

PO (D) @ gl

o ot

(s = f(AYy + Ay ) OF <36 ¢ Ay = Awy, Aily = Ay +uy OS] (V)

T |
Atly = Ay + uy
A%y = A(Aidy) = AQAiy + u) = A(A3,) + (Au,)
= AAd +u))+ (Au )= 225, + 24u,
A%, = Ala%i,)= AR, + 240 )= A2(Aity) + 24(Ans)
= (Al + )+ 24(Auy = A%, + 322y,



Ol giuall Jiys 218

A%y = A4, )= APty + 342w, )= 2 (i) + 372 (4w,

Am;iz = a-mﬁz + mﬂm_l ul
f(A) =ay] + ad+ a, 4> + @A +-enenee +a, (A

f(/{)Sao +a,/1+a2,?,2+a3,13+ ......... +a

f'A)=a +2a,A+ 342 +-oeneme +(n-Va,_ A2 .
f(A)gz = a0172 + a]Aiz + azAzgz + 0314352 L SRR LY P + a,,_lA"_lﬁz

= aogz + @ (/1"2;2 + ul)+ [2] (2«2172 + 21u1)+ as (]«3172 + 3121‘,)'4‘

...... " an_l(ﬂ"’liz +(n- l)ﬂ'f_z":

= (ao + ali + 0212 deneaes + an—l/ln-lﬁz
+ (a; +2a,A + 3413@2 Foeennne +(n- l)an-xﬂ"—z)ll
= f(Auy + f' (A

. dt \:f“:i-’ 3 (Au] =}'ul N A’ﬁz =]J72 +u1 s A1’73 =Aa3 +’12‘2) UK ‘31 . (")

"4

2!

f(A)iay = f(A)idy + ['(A)idy +

|

: QU})I
o e Ol S J gl

J—e 38 m Eom f(A)= A" SIS 13 EM3 g)&l\ owo S} J g€ 1 4316 phd
W) ol 055 Sy ¢ fA)=A" 03 ¢ fA)=A" g2 oy

: of



217

+ m(m-1)

A"y = A"E + mA" T, Am 2y (a)

: Mathematical Induction oo\ r gl pisans S>3y

Tm=14s *

Q—-‘.N‘ by (LHS. )J—m-.&‘ JJ—U\JAJYQ m=1 ;& oyl
: ol W ¢ (a) Bl ( RHS)

LHS. = Af,
RHS = 153 +52 +0 = 1173 +172

LHS=RHS D lhaall ay ) 03]

Cm=1 A Ao (2) B Of

m=2 s *

oSN O by (LHS ) Ol 0 S 3 m=2 e ey
: 0l ud ¢ (a) @Ml ( RHLS)

LHS. = A%, = A(A5iy) = A(A%; + 4,) = A(4%;) + (4%,)

= MAty +3,) + (A, +u)) = A2, + 2430, +
RH.S. = Ay + 2y + 1y

LHS=RHS D03
L m=2 L e (a) W OF i
im=k s *
A4 ¢ (a) BN 3 m=k oF sy oo m=k s (a) B dee o b

s ol
WA AR ¥ s TR @A“-Zul )

PA G S o (0) B

S gheall



. 218

O\),ﬁ.‘h J!J:
AR, = 2k (Amy) + kAN (ATL) + k(k2 D - 2(Aw)
= 2 (A5l + ) + KA (A + u) + ———> k(k Kk=D - 2(Aay)
= A+ (k + DAY, + (k + 1Xk) +21)(") AH,,,

L Tomgomas () B 8™ 13f &l (5T . m =k 41 e (@) WO Ls 2
¢em=12 J_.PWL@JC..?_, m=k+1 -\J—Muﬁ.ﬁi m=k
..mJQ}lWIﬁB\J{MW@Q}LﬂQ

DO gale — ST R e 6 o pllall LY OV 1 A 6 i
f(A)=ay] + A+ ayA* + a 4> +-+---. +a, 4"
Dy (o o) @Rl

f(A)E3 = 00'1;3 + aiA&E; + a2A2173 + a3A3§3 L KRR + a,,“l-A"_lilB
= agily + (Al + ) + ag(A2iE, + 245, + u, )+ (R, + 3%, + 3Au,)

+ a0 + A0, + 672 )+ e

+ an_l(l"-lﬂ3 + (n - 1)1""2;‘-2 + Q;%fﬁlﬂ—3ul)

($ U
= (ao + al/l+ a222 4 oeeeecaareeas + a;,_ll?rn—l ﬁs
+<a] +2A(12 +3/1203 doreeararaaans +(n‘l)/1.n_2 _lﬁz
+(a2 +32ay + 6A7ay + oo (”—l)én 2) -2, Jun

= f(Aus + f(Auy +

r'a,
2

] T



219

S ghaall

A';IZ +u A173 = M3 +u; , AE4

10, = 05+ £ 7+ L D5, LD,

3!

Aﬁz = 11‘72 + Uy
A§4 ] 154 + 173

m-1— ﬂ'ﬂm—l + ﬂm_z AEm L li;m + Em_]

. (m—1)
| £y, = 7(A)i,, + £'(A) m_,+f(’1)~ I (‘)~m R i . 0

o+
- (m-1)!

Uz o S e 83Uzw W ( Deif A.S., 1982, p.179 ) daxrl o S &l () £ )W) i 4 of
U~ L_;Sfo,:bu_qmmé;.;QQ»L&&JM»@@,LMNF&MM
345 (g Yol all e 205 o gl 20 Wslall Aislie 3T ay YU e

- el
.J=f; '11 o e ) (8)
s
0585y A a5 J OB Sy ¢ (l) , (1) (_,u,:wgq,;.;u,,z,z P Y g b S KU PO
r=|! O=r s & =TT =¢"
0 1 :

Tl WL (03 g I o s 0 il o ) O3 g I 3 Wb ey Y S
A NP U A



OUM! Jigs

eJt = aol + alJ = e

1 1 0 A

Jt At At At

= —tA +

e (e € 0 1} e !:0 i

At At 1
2

O O =
(= N =]

d/dA
lt:—ao +a1/1 —_—

o = O O

220

a0'= ell _tﬂel'
= al :7
al = telt
At
te
elr ) ‘.;ULU

D dala i ol
eS8 13 &l o) gl Se

<SS 13

@‘5‘5%(“:*-;0



221

W gialt
op
[ 1,2 1,3 1 -1
1+ St 3! e "
1,2 :
01 t 5t . :
0 0 I t :
eJt =elt 0 0 0
' : 1 18
: 0 1 t
10 0 0 1 Jxm
ol wuil ¢« (4= diag(4), 4+, 4,,)) O 131 (8)
A =diag(e'4' T eA,,:)

Iy {

O AT =0, 050 et T, b 4 Byinan 5 OF o530

T, O 0]
T, = o T 0
0o 0 T,
ol y
' o 0
T = o T 0]
o 0 T
of Lus st 13} Uy
et = diag(eA" et ,eA"')



a\b,&d‘dua
' o0 - o o . on O - O
T;'ehT, = orn'. oo et ... 0 o T, 0

o o - T'lo o0 - &+]O o v T,

-n-le“l']i 0 o et 0o - 0
_ 0 Tvz—leﬁszz vee 0 _ 0 ¢"1‘ oo 0
| o o . Tle*1,| |0 O - €&
=e.ll
. Copgalt Je 0SS Of g e 0P Uy
et = diag(e“",e“", ---- ,e"")
o 1 o0 o
0 0 1 0 'SR At
. A=  FYPIPON | PP L
0 0 0 1 ¢ ,’ *
-27 54 -36 10

: Jo
R EEUPS
D(A)=|Al - 4 =2* -102* + 364> - 544 +27=0
= (A-14-3F=0 > 4=Li=4=4=3

s 3G Colgamalt

U =

— et
w

Simple Y=Y dlageny ek ollay Gt A Aie g Sy Al 4 b 4 Byinalt OF T
Dol e ST 8l o 5\2Y )y . (Degeneracy



223 oV ghuall

: Jordan Forms 013y g JUCT Jlaassly 1 J5Y1 0 gl

eAt - TeJlT—l

: QJK)L{ ot Laane ilgmie RTINS TN VAR TR T TR Ve KU R PR\ ol; 4,:2— T &

[1
4
Au, =3uy + = U =
3 Uy t Uy 3 15
| 54
it
[0
1
Auy =3u, +uy = uy = 1
36
o Juty
1 1.1 0 27 =27 9 -1
T_l 3 4 1 . T_,~1~ss 133 -55 7
19 15 7 "8l 66 -106 46 -6
1 27 54 36 ~-36 60 -28 4
it
110 0 0 '
LR
0!3 1 0
J=| |
010 3 1
010 0 3 »
Oﬁ)c(?\b\l)
€10 _0 0
R 'v o 01" ¥ LR
e =f——+—-——|= I 2
ot o010 & e
0l0 o &
055 B 3y
eAI:TeJtT—l

S B Y A & gad 1»)>w36f¢5\y>)4,4.\z@> of daxy



S giealt Jiys 224

:O,ﬂah_qb,\fl;ﬂ Jlemly “3\‘.'3\ Q}Lﬂ\

t)
eA' =a01 +a1A+a2A2 +a3A3

03

M =ag + A + At + A v (D

te* = a + 20,4 + 3 2 )
CA Ay ‘_sffg,ay\abu:lh}

e’ =2a, + 6a3A 3)
REORN-T IRV S

e =ay+a ta, +a, @)
TM),2),0) 3 Sl )i=3 ke

e = ay +3a; +9a, +27a, (5)

te” = q, +6a, +27a, (©6)

e =2a, +18a, %)

DY A yiall s ) pall e Lasy S8 (4),(5),(6), (T) <Yl

11
13 e

= 8
0 1 @®)
00



225

O yiall

D d) e (8) ¥l J2

1111;5 1111§e'
13927 ¢ | (028 26~
01 6 271 ¢%| [0 1 6 271
00 2 1812% (0 0 2 18] (2
111 1) ¢
o106 27% te¥
0 2 8 26!6% ¢
0 0 2 18] 2
11 1 L o
o6 27 1e*
0 0 -4 -28¢¥ ¢ — 26"
00 2 181 g2
111 1) ¢
jo 16 27 | te*
0 0 1 7i -t v le + L
_0 0 0 4 it2e3'+5e3 ;e'—1e3’
05 St
4oy =r¢* + L& — L — 1
oy +Tay =~ ie3’+ie+ re*

al +6a2 +27a3 =te

Qy+a; o, +ay=é

Bolall (3 oy o 0g,21,2,25 o8 B Jos 55 Backward ¢ = J) 2 oy (Ui Lin J2,

eA, = aol + alA + a2A2 + a3A3

o e Lo J gt Gl el ki Ll 5T OF ey 26 a0 8y n agdht 1n g
.MJ)Q\




b ghalt 1y ¢

113
A=]0 2 2| @hadl e umyl (V)
00 2
gl
A=l , =4=2 D AU ol
DA olganald
1
u1=0
0
-1 2 37 y] Jo ~b +2b,=0 (b =2b,=2a
(A-2Iu, =0 = |0 0 2{b|=|0| = =
0 0 0b| {0 2by, =0 by =0

LSS Uy (hy=a=1 Sl y b ool Sewl

2
0
Simple JA—£Y! Yoy s\ Non-Derogatory ilmie 16 @Sy g 42s pb A @ yialt O (o

ity (u3 =l v v3]T) u3 (";’j“ ol Ol S WGy . Degenerate

-1 2 3y 2 -V +2vy + 3y =2 V1=2V2'—%
Auyg =2u; +u, = [0 0 2fv,{=(1] = =
0 O O V3 0 ZV3 =l V3 :—]—

2
P eI uy (v =a=0 kel )y dxboof S wl

[SIE

<o

u3=

=

by



227

(= B
—_ D

e{-“ - Te‘IIT—] =

X i
eV zapl + A+ a, 4

A

te*

€ =qy+a +a,

2t

.
te* =a, +4a,

e ! :ao +a]/l+a2/12

! = a‘ +2a21

b gheall

RPN g B P N PAV

P Y ot

: \’Jlﬂ\ o« it
tb
03)
O
PA S Ay Jelady
@
M) S el yA=1 sy

©))

FEONC PP IR peey

)

&)

LY R jaall ) s Wni s K (3),(4), (5) S Ylalls



b giall 19 28

11 1fa e
1 2 4|al=|e ©®
0 1 4fa,| |t
%/_J
=H
DA e (6) Yol ey
Q, 2ee — 3¢ +4¢'
o |=| - 3te +4e¥ —4e
a, te? —e¥ + ¢
dstall d u.q}u:sb)
eA’ =a01 +a1A +a2A2
1 00 1 23
M =2 ~3¢¥ + 420 1 0|+(-3e¥ +4e¥ -4e'|0 2 2
0 01 0 0 2
1 6 13
+(te2' e +e'l0 4 8
0 0 4
of ‘.;f
e’ 2(e2' - e’) (4te2' -’ + e')
eA't =0 e21 2t62‘
0 0 e
D edeh U,Ldﬂ\

g2 il Q\.‘a;l\c.- Oals — LS & ks paiien (g1 pla Q,LJS;\C; Les 0V
e’;" = ayl + ajd + a,A*
Julby
et =ay + ad + a,
A= o gl

e =ay+a +a M



229 | b giealt

P Yol ) Jeai W (m=2 A 4, Suy ) A=2 Ly

59( Auy =2u, S ) u, Qc..a,«'dl\a,::i)i *

e = ay +2a +4aq, ¥))]

( Auy= 2P u; + D@uy NSy Auy=2u3 4y o ) uy 3 ol : 6 ¥
op
eAtu3 = aou3 + alAu3 + a2A2u3
= ayu; + @ (2u3 + u2)+ a, ((2)2 uy + (2)(2)u2)
= (ao + 2(11 + 402 )‘3 + (al + 402 )l2
N3
S (Auy = f(Duy + f'(Au,

03 ¢ (10
e®u; = e¥uy + te*u,
2
e” =ay+2a +4a,
J

a +4a, =te* 3)

DA it Yl ) e W (1), (2), B) SVl

11 1fa e
1 2 4)aql=|e”
0 1 4fa,| [t

=H

I s and D By Y1 3 Gl Gl Yol s




230

Ou}l.ll\ J\)b

a1 U e fils V-t

)

wl

)

S A G yiall IS 13 o3,

J..\.;-\

4>

S mall
SIS

J

(<)

et W ,aall Wi

N\
R
=
1]
)
| —|
> 2 — e
s 8 o © « n e
B [« r
©n O S O o a_/. (=) .I_.
1
) I IE=)
o 3 - e T S n o
S AN m.m -« N o o
wl
—_ e — S S ~ o o o "o o
L J L J L . s
1l Il 1] 1] I} ]
= = = AN AN <
7~
= ~~
~ > o] = =
=) 2 S N % ]
N’ A N’ N’ N’ N’
r
© oo oo~
| 1
< — © olo ola —
e e m SIS © _— LT
[ Eam— 1 O O O N O Ol —= NIO O
| B — | 810 o 1 |
S = e [ 7_.22 [ - o - o o OONPZOHOO
||||||||| S
- ¥ N o0 o~ —_ N o o o —~lo olo ©
_&0 N < i |
[ ~ | I
E rv L | __ <o ) _2000 —_ 0ol ol o
1l 1] Il 1] 1 Il It
~ AN < < ~ ~ <
~
fe = > > X x x
N’ N’ S’ g2 p— Ner’ p—g




231 » S ghall

D I BN G o 4, B e bl s gl ()

A+B) _ _A B

e( =e .e

oy 1) el b 1515 0 DU B ] ()

(i)  sin2A4=2sin Acos A (ii) cos2A=cos’ A—sin’ A

. 1
(iii)y cos® A=21(I +cos24) (iv)  sin’ 4= 5(1 - c0s24)

($h,2d ey, o) sin 4,cos 4 ol ol (8)

. ® sindsinB=sinBsinA 0,5 =

&

of el (Y

!
(0 i(ef"): Ae™ (ii) Ie’“ dt=A""e" - 4™
0

C AT sy b

N, 11 s
cok kgl ety A{o J 08 15 VA wm gt (V)
o\;‘a.)uw’;\?fu/;_sa,;\mmm@\fugdgl A

lime =0

{—>»00

&



Aoy

APPLICATIONS

_




Jushlt gug 5 — Okl 234

i=Ax+Bu bypall Jo @ @Soudl Bolme > 1 Y1 Goladl V-0
dadds Y\ —Y—0

Engineering Control ‘r—a-\a&\ PS.*A\ e @ oYl A e r.(a:)\ Usles )..,u‘

_ a_SW'&\}a@,btu\guli.pu)abw\ odg w)ﬂsﬁf@m’u&’o% GUS

G A Y s B o BT Bas OYSMee ges Yl 2 b sl odny . State Space

O™ 136 . &b yivas 5,52 (3 First Order Simultaneous linear Differential Equations

n m
%, =Zla,j(z)xj + z;b,j(t)xj , i=12m
Jj= J=

i yiall 5y gl (3 Lgaio g S6 Akl Yoladl sda OB ( (.)s% E )

x(O)=A_ (% + Bm (Ot
: (gaLa) ‘5..“: Eo
State Matrix - & ,w DA
Control Matrix ‘._i,d\ Byiee B
State Space Vector ¥\ § 1 p amze @ x
Control Vector r.i.».ﬂ\ P
S o BV o I 1 s gy T e sl S el e, 1

LS O



235 b yinall
Time Variant System ;p 3 o picl ol2di L{»«a‘ o OB e r e N3 s 4 s 3B
Time Invariant e ) pa pica pb Walii ) 0,55 £ Jo 2oz ¥ B yioas 4 IS 13]

. System

. Time Invariant Systems ;3 as 8 padl & o3I Y—V—0
amze yn x{(0) OISy 120 O B L p Lo ddatne pd A B phall 0S5 VU 0da 3
P SIS0 .f“”‘ J> 0B < Initial Values &y odl)

| gy
St gt e il g glil) (St Hsten

t

x(t)= e x(0)+ & Ie*A “W(r)de

J’(f) = Bu(?)

%y 1

. Semi-Simple Vg 4. A =ilS I.':! 1
0,56 B ada 3

A=TD,T" , " =TD,T"
DY b Ay el ok Les

x=Tv , yt)=Tu

‘ o3|
i=Avty = Tv=ATv+Tu = v=(T"ATp+u
=D,
v=Dv+u é\:.ib_;

()i,__;i .. vﬂuﬂ%ﬂ% Uslas 5 Y dsladly

v, = AV, +u;



ol | 2%

:(uugdju)gﬁ\yluz;’:mw&,

1
v, = e’i"v,(O) +et! J‘e_i’ru,(t)dr
0

DAY adpiaal) 3 ) el 3 A 0550 U
t

v=D,%(0)+ D, J’De_ku(r)dr
0

A g OY‘)
u=T"y | v=T"%
F e 5

t
7% 2 DuT'X(0)+ D DT (1)
0

T3 (Ol o) @ pally

t
x=TD T x0)+TD,LT'T J’Dc,h.T‘l Wr)dr
—or =1 9

= eV x(0)+TD , T ITDU_M T y(r)dr
\_‘_v.__/ ———

0 M
—edt =e—Ar

{
= e x(0) + e J.e"“y(r)a'r
0

sl e

: Non-Semi-Simple g 4 pb A <3S 13} — &
o,ﬁ_g:__;.a:;.i! Slgnall e K6 YU oda 3

A=TJT™" | e =TT
Ly Oy S5 b U 5 A B phaal] G Sl y taaall Syl o 5 2 T m
hil al ol ki Jos



237

S gialt

x=Tv, , Y(t)=Tu
Llotad Astal Jf heai Wifs
v=Jv+u
e 5 J1 6, sl 13) ) Backward ¢y ) o ol Ul ae oo Jo i (SO A e

Of yay e J 4} Joai Wil ( Deif 4.5, 1982, p.190 il

t
x=etx(0) + e je“-’ W(r)dr
: 0

D dals b e

D VS 121 cJ\fb\S!l&LJ\QJH\ﬁ..J&(A

H(6) = Ax + y()
: U 0450 (T Clone 3 B ghaas 4 Lo )

¢
x(t) = et )xo +et Ie_As y(s)ds

fo

: UK oWy
X - Ax(f) = y(?)
F(L B e ) € 3 ol

(k- Ax(0) = e y()

©

A
d

Et_(e""x)= e i+ (— Ae"“)" =i - Ax)=e"My(0)
=y

Sl r=ty o iV BN sy L (BB V) Ol e o



t t
= [etyds = eMxoeox() = [P s
—

=X, 1

t
- At
e ]

o
ty

Ot gt
t
elx=exy + J‘e_,'“y(s)ds

{o
) i (e <o Aon) G Sl Aty O Jlanialy ¥ 3 ol

t
x(t) = At )xo +e je"“ y(s)ds

{4

: x=[_0] ‘I)J“m rw\&ﬁ

D

o 14
O e Dl OB LWy ¢ Skew-Symmetric <L ez A=[ | 0:} U yirall

#

2y e

4 | cost sint
e =
—~sint cost
JBLy
4
.- 0 j(rcosr —sin r)dr
x(1) = e x(0) + e™ Ie“’“[rj]dr = e’“[x‘( )] +et ?
o LU *(0) .
. I(r sin 7 + cost)dr
0

P oYkl 1 Jie
X=x+2y+cost , y=2x+y+sin2t , z2=2z+1

x(0) = y(0)=2(0)=0 -




239

<l gl

el

iy gall 3 Loy S AL Yol
x 1 2 0f«x cost x(0) 0
yl=12 1 0fy|+|sin2¢} , |y0)|=]|0
z 0 0 2|z 1 z(0) 0

: @'_Y\f et o Qg.t_j

e +e 0
0 0 e
S 0S8 B
x(t) ‘ coST
x(t)=| y(t) |= ™ Ie_AT sin 27 |dr
z(t) 0 1

C B eSS ol s ey

e E Oy ¢ b o o e b W) Lgad 7y Al 402 Bphean 4 SIS 1) 1
|F=Ax(O+E Dbl 3ig Ul x amzl) Steady State W ol of il « <ot

. -ATE &
R ST A s 3 = Ax() 4 E Woally O3y ol e JUd : 3B gl

. Asymptotically Stable

GV 3 ek oy U R bl S et s woyllll LYY b 0 U
: g_))U:.l\

: Commute OGHa) A7, e 0 yinal) 1 L 4Y) 2o a1 daidl

of ol oAy

e =TD . T




O\da 240

ofy
A'1=TD%T’1
Juy
—At 41 -1 -1 _ -1
e 4 =TD,..T"TDyT" =TD,.,, DT
LS

A =D, T'TD,,, T =TDy D, T =TD,., Dy T =4 4™
cokday A7 e of (o

lime” =0 : LW Lo i daid)

t—>n
Doy
At _ -1 . At _ gy -1 _ -1
e —TDel,T = lime —TllmDeA,T =TOT™' =0
{—w >0
oY ulls
lime* =0 , Vi
>
Clime =0 0,5 0f (g (s oo 0,5 o ) b JUly (€U

=0

. ]'e"“dr —o et - 1) S ae ) e
a

Doy

1

{ t
feae= D, T dr =1 (D ar=1D, T7'= TD_yfu_ T
0 0 0 Ie')"dr 2

0

B T[D(l ._'_L,’“ )}T_l - TD'I_T_I - TDI_L’"{‘ T_l = A‘l - A—le—A‘ = —A_l (e_Al - ])
2 2

A A

J— e o oot el 3l sueld sda U] LiSle W 4 a0l UL S i
r\.\fz.:.s\

x=Ax+E



241 _ oAb gieall

Bl
! t
x() = e x(0) + e Ie’A’Edr = e x(0) + e""( Ie_A’ dT}E
0 0
03 (T W)
im x = i 0) + lin A e -
tlﬂx lgne "%(0) + lme ( X )E
1 SlgAtf-Ar _ g
0~ lim A”le e e
ST iy _ At
=0 tan;A (] e )E
=0-AYI-0)E
=-A"'E
.UJUQ-“ JJJ.J)
s oarYa
ele Oy A0 5 el a3 pladl J2 Uad Bl ) aza) (3 Rt Sl oda (V)
1 -3 0 0 .
PO E={31 08y 4= 0 -4 0| <ilS JMaad ool 3 apS
7 0 0 -5
A
limx=x,=~A"E=|¥,
>0
%

sl - J;L\L.ﬁ.:okfm«h;-)bd) A" uL_o-Y\\WJJ-\\Mg,JJa-JY)
:g'\f\fi._l.o\“

x=Ax+E
Sy cdxs E=0 of sl k=0 au&uu}ciuo,ﬁxomqw s
Al it 0SS utd\;uy,vﬂj Pl O omy Lu; x=-A"E

.db&j};f&)\)/{



4,_1,___;)?:\14,.“4,.:,4u&;\y(g\;wﬂd\ﬂnhwﬂ‘@\wﬂ&ﬁ(v)

i agaall Sy et =TT 0,0y A=TUT™ 0Saw 3=V U 3y . 2y

Ly 10 Lk jiall o )lis WSy et g QM o i Jo s 52 €

,.45!J&j&&\;}\o\fu\sﬁpo,&&\r&;ﬂoieaa:;;s\u@gw.m'

.(.,Juz,;\;m

o Ladie I3y i > w0 0B ¢ (o ge i s Wb g 2 e 4 IS 13 (T)

OB Pure Imgjinary s ALE A <38 %) Wl . Unstable ) iz e Al b QUL
.AJ\J-J}MJ?»};VJ&J\

bl (gt \ab 3 ) Equilibrium Point O ;—SY) daisy goms & amdl : Jlto
sl Of p . (plladd o 8 x=%=cab Ol ) f(B) =0 08 1) 5= f(x)

w N Jacobian Ol Sl a5l il J87 ST L i3] x =2 L k= f(x)
X -

X=X

i) |
CSE) =0 0SB x=% ke 05 e A0S (S pb gl e ) = f(x) phad
Taylor ;35 8 ,5ia planion (Sl clab 3 ) x=% 2hidl Jpm f(x) VW i Les

of gsi . Expansion

PV LA/ P T (e =5 Yo = %) e
£i(x) f,(X)+jz=laxj X:.e(x" x},)+2k=] 2 5eom (xj x,Xx,, X; X=£+
Digmia by 3 8l L LS
: N2 . .
10 = 1@+ 2 (-2t s

clbleal S adadl 18 3 gudl OB (F o B x dlai ) OVFY) dai oL Wl Lol 3]
July .. f(B)=0 NS




243

N ghaall
f(x)=%;x=i(x~i
:&-YL{ rU-J% ﬁaWMQL&b}
a9t gy
dt(x)—ﬁx _i(x x)
i, m 3 o
A n=21 (-3 ¢ 15\
26-9-2 -9

Com =y Of @l Linearized Form idas Ylam sy ool slan ga 5 5:Y1 3 ) pually

4=27
ox

x=%

DNy L Ol ST hmMMnMMHxOH}Wrn}Lﬂ-4“r~%
y=x-3x
L__JLA_Ja;UJs(._,aﬂJfoJizbw(&guleQL.f)t’j:..:ghilrw\\.'uoﬁj
of (Y ol i f(x) J;éfgf‘-sss,)»u\mwgyg}up, o i ¢
Ly in 055 4ol o Bl 3 ( F(B =0 ) & e 0300 3= f(x) ) i)

col d s W 0,5 %m Ol ySnl] LU it IS 0,5
Damped Pendulum (i3sY) ($3) Lodi gkt olan 2} ¢ Gl JUal) i 5 JieS
O Wy g el SR e s sy

6+k0 +kysind =0
G aki J m)tudjuxwgsag,s;x PO 3R Sty A Lk S
L (0=0) 45\

té
ob Juby



S\dpa 244
561=9.
22=é=—k19'—k25in0=‘k1xZ—kzsinxl
of gf
—x; =X
drt 1 2
—d—x =—k;x, - k, sin x,
dt 2 142 2 1
2T e f
0 1 i
) | == )
dt x2 —kz _kl x2 —klxz—kz Smxl f2
D f(x) =0 OY i cwd OV, ¥
f)=0 = sinx1.=sin0=0:>x1=9=nﬂ,n§0,il,12,~-- o e nr
x2 =0=0 0
é)f . I 4
¢ — Ola S Cod
Ox - 255 ' ¢~

x|

Sh G4
ﬂ - 5x| aX2 - 0
ox|_, |95 4% — k, cos X;
ﬁxl é’xz =3
0 1
neven
—k, -k .
0 1
nodd
L‘z ‘kl}
. 9f
" ox
A -1
a1-2r ’z

kycosnt A +k

1
-k

Ol S onld a5l ol Ol

x=X

H

0 1
-k

|

—k, cosnr

=0 = A+kA+kcosnr=0

ofp Judb



2145

S gieall
A =“—kL +l\/k12 -4k, cosnx
—ky +\Jk{ — 4k, cosnz 2 2
Ay = = .
2 "kl 1 2
2/2 =—2— —5\}k1 —4](2 cosnzw
O 151

ki = 4k, cosnz|

Ao o Even (g3 sde n 0S5 bdie Sus My iz plladl 0,5

(0=0) IV OV poy 56 S S Gy

k! > 4k, cosnz| (o

O, Laze L3 t’;;,,., sl 0,8

Re(l,)< 0 = K >.\/k,2 — 4k, cosnx

= k¥ >kl -4k, cosnr=>cosnz >0
b,;J\Jw)A},A.pjf@p;.,\;no,ﬁbu&.xéou.u \J.A)

Pofbiast e SOy () @ gl

k> 4k,

k} < 4k, cosnn

OS’TM'” (U':—'S\[))ﬁg
Re(/ll)=~—k‘<0
2
Al io 25 e 1 0455 Lk sl gt ULy
Lsdind J—y ¢ ,iw sl Even i.)jédﬁndﬁbw}h)\ﬁ.ﬂwew\brﬂ\oﬂ
oYy lgaad LY () d iy gaid Sa Y (1) 0B 0dd g3 b 38 n 055
—hd O &35 1 0,55 Lkis 4B Quhj--w—ii;ﬁ-y('c)i@{;(cosmr<0



Ol

JJJ_AJ‘OPU&‘GJAQ..9=7[ Oﬁb“d}@‘&)a)&\h}ﬁw)ﬁaﬁ
LI e iz o 8 S Yy JoY Gl s

Time Variant Systems P an 8 picdt Qhadt ¥~ —0

@éuu\ OB JWLy A =A@ OF sl ¢ 1 Jo saazne 4 3 yinald 0,55 VU 0dn 3

i) pall e
i=AOx@+y , xto)=x
Py b Dl 1) 3 gt o § W 3= A)3() OS]
O
%d)(t 1) = AOD(t,5) | o
Oftg,15)=1 . sﬁﬁ)*
Fundamental dpmmat¥t 8 giuall —y O(1,1,) 3;&&0 M;g
. Transition Motrix JUki’¥ 3 ghoais w{gf‘ fatrix

g3 - (Bronson R, 1970, p. 94) ;pr M5 peies 84y 39 83 gr g % yiall 0dn Of SILIY

X, =AMOx; (1) , x,(t)=€, , Vj=12-,n (1)
S
1] (1] 0] 0]
0 0 : 0
e =|: , e =l s o, e =1 « j™*component , e, =|:
-OJnxl _OJnkxl -OJnxl -lJnxl

. Elementary Vectors & JQ\ Ol & {el} L sl of ‘;f

£> Slis . xj(t) a» JA-\ RV g2 b J’- 4 oYl o (1) ('LJU

ot.t)=[x x, - xn]
Ju



247

ot gialt

Il
~

Oin.to)=[alty) %) - n@Wl=la & - e
SUds”

B 5y o g )eltn Ay o Axledn m - ml-A0fen)

ol 3 ST Gl el B (1) S
G ol i 3aE s 2T B 4ian W(1,10) ¢ 3 « Uniqueness > &Y\ <\5Y
G—it O (g Wlr1y) Byiall 3 o3, 3 mall 03 . Dft,1g) B yinall Laad iy b 5
S5y Gow LS b ool Wb 1 STy L x () =e; Ayl by 20 ot alalidl dstal)
Ot 1g) Byhall 3 oSy 3 pendl a1 x(1) 05K OF (ot 3 paddl OB S ey ¢ SUB
LB B giean Otty) OF T (1) = @(r,8) OB JWU,
D dals OUb s
13 5T ) Azl Mten o3 4 CilS7 13) U3y 400 rad 390 Dftty) Of LY (V)
: 0N ( Time Invariant System - 3} o iaa pé plladl O

d A1) d (eAt-e-Ato))= et g0 - goA4t-10)
dt dt ‘

@t 1) = e~ 03
‘.(?\5\1),-.1.&;:“:;(0,{:&0&”,
A Gl (A= A1) 055 Lke gy o s o 3 Us g Of Jpi 0 aill e ()

LY LS e 3 D)= a1 e STy L esl ity gy ol
ZQUJ)TJ;JEQM\oi«MUL.CIosed Formiiliﬁwoa\.é_!\;ﬁ.&\b

Y TRY TN RVINEE

gy
D 9d (k= A0 , x(to)zuc) Dol ay it J3-1
x(1) = Ot 1, )




Sy , 248

gRulny

L2l alae O3 B phaae 4 IS ) L Wl 3 1 Y

Ot 1,)=e?7) = x() =t

Dr U Bghae 4 IS B L U 30 U

%x(t) = %(D(t,to Je = A(D(t,1, e = A@)x(t)

=x
x(ty) = Oltg,to)c =Ic=¢ DAt e ) SIS
: dpol1 @ gdiall ol g

lil)(t, r)¢[r,to]= Q(t,to)] : Transposition Property J\.i:ij\ 4o (i)

( BronsonR., 1970, p. 167 ) Jail oUW,

Pl () o e K2 WU S edey [[0f0] = 00r)] i)

Dty 7)0(7,1) = Dty 1p) = 1

ol I = 0(e0) o Jult
: . j,,(A(,))m
() @ D e N BT oUWy [|of,g ) = e i
Ay gl

D Nl OB (5= Ax)x(0) + y(r), x(ty )= c ) O 13




249 ' < giall

DY

L El OMlee S5 B ginan 4 IS 13 L B (3 Y

Bt to)= e = x(t)=D(t, by ) + jcbts y(s)ds

Ly G LS

D13 Byian 4 SIS B L W 30 GG

0B ¢ il B il ol g o (i) dmoldh) plisizaly

(1, 5) = D1, 1, )(ty, 5)
DY s S wl S

x(t) = (e, t0)c + (ID(t,tO)J(IJ(tO,s)yds

[\)

OB 1=ty Xy

‘o
—_———r

=/ Iy

=0
O g0 B oo el Jolis 091y Y by 2 iy 01

d d ' ’
== Z[(D(t,to)c + fol, s)y(s)dsil

Io

;[ Ltk + —[(D 1t ]J'cb 1o, s )y(s)ds + D(t,1,) [ch to,s)y(s)ds}

= AND(1,1, )c + ADD(1, 1) J'cp(ro,s)y(s)ds +@(t,,) @) v
o ' =01(2,1))

Dl 8 paall ol e () Aol Pl g



t
% = A(t) (8,7, ) + D1, to)jtb(to, SW(s)ds | + ®ft, 2 )?-1(,’ )y

ty =

=x(t)

= A[Ox(1) + y
. Lol Ystalt ﬁa; x of ‘5(

: bola 16 pnle
t53) B ool o 20 3 e 2§ B ginall ol b o LS T 26,00 Sl
Of 573 o AY SIS ) e LSE VLM Jamy 3y« (4 S B e Lizellazad pits
s Ak 0da (3 L 8y e Sy 0 e cans U OF WY A, Y(E) o IS

c Ay Jeaze J 29y

cos Ig(s)ds sin J'g(s)dg
¢(t’ t0)= 'o’ 'g
_sin jg(s)ds cos Ig(s)dv

L to 1

HER AT



251

< ginall

Matrizant <5 ppd) \—Y¥—V—o

k= A1)+ () e )
JE Rl 5 o d gl 05555 1 e 3 3 J1go 4 8 pheaal] G il 0,55 DU 0
'ru"‘:“&;k’r‘«”wc-‘h‘“q‘;ﬂ%:""L"L‘Qyu"g'ﬂ*u}\?lt&}a‘\—ml‘yt,ﬂ\\h
S Ak b e ) s . et AU 3 ( Deif A.S, 1982 ) 4ad L o mi Uss

: @YK
dez = I(A(r)x +y(@)dr = x(t) - x(0) = I(A(r)x + Y(1))dr
0 0 0
x(t) = x(0) + I(A(r)x + y(r)dr s Ul

0

P AT USS ) i Rt B3 e x o gl g

0 0

x(f) = x(0) + {A(r)[xm) + I(A(s)x + y(s))ds] + y(r)]dr

3J1M(JJJ5‘¢*J7:J*‘)*J);’J‘W&)‘MW;

: gﬂ\f ol dslecl) Matrizant <o jp N J,-.;’ OV

Matrizant M(6) = I + IA(r)dr+ j'A(r) IA(s)dsdr
0 0 0

x(1) = MO)x(0)+ M) [M7(2)p(2)dz 3 s UL
0



Sy 282

g MOl 1o mead Uz M) Of SLY G pr B ) 2, Jo

SYaladl g Jua

il 2] - ol

2

1 o) [¢ ¢ IA T T J
= 0 1 + 0 %12J+(;[ (1')0 lrz o S

o Uty

01 T e T[22 L2 +i8Tn
M(O)x(0) = }r[ 2}”{2 LA }H+ .........
|0 Sy ] o Lt

13 ...
_ Ly }
1,2 14
1+2t +8t +

142t 42+ L5 4.
"(’){ h STy

]+%12+%t eoeesenennn
e et o i L oty e (1



253 W yiall
P daW A ylly A N e Ll RdoUt Aslall f -V -0

n" Order Ordinary Differential Equation :
aalalt dagall B oy 350 e o0 3 kbl Bolall o 2487 13U Juad Vs 3

i a0y ()= F(r)

i=0

P
. y()=—d—(§— ¢ ay,a,#0 Lo

DY Sl Al ade o (3 ol phaall a0 e i W OV e g g

C)
=y x2=ﬁ'l=}‘) y x3=j2=j} , e ’xn_.:x':n—1=y(n—l)
:«.}" framid
X =X
x.z =x3
X3 = X4 (1)
Xpal = Xp
D et Aol Aslall ey
. { '
) ="&I,Z1 i +—F © @
i yiall 55 palt 3 gy (S8 (1), (2) Ysllly
'_xlw i O 1 0 P 0 -,-xlw r 0 9
X 0 0 1 0 % 0
*"'1‘ X3 = 0 0 O . : x3 + 0
dt : : : o1 : :
“4 4 9 | 4| F@)
éfj L G a, a, a, | %n ] | a, |
=;x :A(t) =X =u([)

y=x b kol dladd 0,50 1= A()x + u(t) ASeal) 5 e Ju



RATRR 254

s Al SYatalt A

gl Lol Wolall Y1 foas AU oda 3
= Ax +u(r)
DA bl 3 jo sy 4 Baiaddl 4,4y, 4, W el ds ¥
> ai=0
i=0

bl of ol ui.c_) ( Ao alolidt st 3 yO@) o ’Yv\-g A o sl L_sT )
A Al et SV Gl Sl sl gl

|Al-4=0
:@LA\;.@\@')
-1 0 0 0
0 -1 0 0
0 0 4 -1 0
=0
0 0 O A -1
W o4 @ & [,Hfu
a, a, a, a, a,
A -1 0 O 0
0 4 -1 0 0
0 0 i -1 0
= =0
0 0 o A -1
a, ay ay ay (a,,ﬁ + an_l)
Iﬁf‘\(‘M\J\’Jﬂ\U
-1 0 0 0 A 0 0 0 A -1 0 0
A -1 0 0 0 -1 0 0 0 4 0 0
ap| : —a@l0 A . U+ a)l -1 i+
0 -1 0 : -1 0 0 0 .0
0 0 A =1 0 O A -1 0 A -1




255

U gdeall
A -1 0 - 0 A -1 0 0
0 4 -1 - 0 0 A -1 0
--------- +a, o +(a,,/1+a,,_,15 Lo =0
O 0 - A 0 0 0 - A -1
0 0 - 0 -1 0 0 0 4
= )"+ EDAGEDTE e+ (SD)T2 A 20, (D) + ()" A g, d + g, ) =0
= ay(-1)"" + Aq (1) e 20, ()T A @A e, XD =0
= ao + llal + azlz L AREEERE + /1"_20"_2 + ﬂ"—l(anll + an_1)= 0
of (g
aX =0
1=0

PSS A Gl Comlall S el 5K

R
4
u, = /1,2
1-1
LA
P Y e ol S
(4, =1 0 - 07v] [o]
0 4 -1 -« 0w 0
AI-du,=0 = | + 0t =0
A -1
L 0 A Jva] (0]
=u,
S et S
Avy —vy =0 vy =AW
Avy ~vy3 =0 vy = Ay, = Ay,

Aivy =v, =0

A‘Ivn-l V= 0

_ _ 3
= vy =Av; =4y

n-1
Vp = ’{'lvn—l = ’11 Vi

G

.



wml 1] (1]
Vv, A, A
u, =\vy =y /1,2 _n=t u, = A,Z
-1 -1
bl LA g

S e G Ues . § 8 Y Dol G S

AV Qv + avy e +a, 2V t (aIXA’I + a,,_])V,, =0
of
2 n-2 n-1
g+ QA + @A+ +a, A" Hla, A+ a, AT =0
SuL)
2 -2 _
Ay + WA, + QA7 4 eeeeeens +a, A va, A va, =0

TGl s e LS 3000 abolell

(¥ - y =sinh¢) dolal) J> 1 Jia

el

Jul

A Byl 05,

s et Sl




257 , o

o - cosh/ sinh/
sinht cosh¢

K
_ At At l —Ar | o
x(t)=e"x(0) + e (;[e u(t)dr , u(r)= [sinh T:l
055 el 3y

¥(t)=x,(6) = y(0)cosh + y(0)sinh +Lcosh tle - 1sinh 2)+ Lsinh r(cosh 2¢ - 1)

. (X+Ax+Bx=q,x,qu”) dolalt Jo 1 Jlte

D
o
N=X , V==X
e s
NW=y; , Y=g~ 4y, - By
§

Sl

—

z ¥ ¥ 0

Lo 2=Wz 40 Yol e oy

2 A Wl 0 55,

BRI+ 4+ B|=0 POV e Vel iy f




il | 258

Uy 0
u 0
LRI
B iAl+A) "]
L*2n | _0-
=y
Juty
ﬂ'iul Uy = 0 Upl = Aiul
'?'i“z —Upyr = 0 = zfn+2 = /1,142
Aty ~ Uy, =0 Upp = Al
Of gf
! ‘1 U -1
LS Uy
U, Un uV M _| %
u=|--s-p=)--= A
Uyl A’iul A ]
Upyr '1:‘"2 Uy
t_ Uy J _’?'aun_

sl i e o
Bu® + (41 + AP =0 = Bu® + (41 + APu® =0 = (L1+4,4+B® =0
R Tl ks g [+ A+ B = 0015 5 ke pb Jo- b Aokl o
OL{\S}:HSJ?\{%.;JMJAMH&\;,L&@UK
¥+ Ax+Bx+Cx=q , xqeR”
' oy (3 & Jolas O HasSe )
VWE=X , ==X, p=p =X
e Jet

W=y, , ¥»2=¥3 ,» y3=q-Ay;- By, -Cy



259

< ginalt

Tl 2=¥z+Q OVsldlG, e )
b4l
2,0eRY | z=|y,
Y3
s atl olall 0553
|21+ 24+ 8+c|=0

Yol o e 4 _.,‘fts\-\uqsl.l}\u‘:llezu.(3nlz~ﬁyb)

Au® — 4@ =0

Adi-17 o Ju@
RV o)
0 : /1,1 : - 1 u = O
T B A+ 4 o)
c AL+ Al u
Judu
1 2 2 1
AuV 4P =0 u® = 30
u® = }»,-u(z) =/1,2~u(l)
of f
_ " -
U
Ha
j“l 40 u,
LN N R OY n_|%
= I: = _}“L'li_). , ulV =
: Aluﬂ)
:li'li”_ l u,
Au,
Alu,
2
_’?’i un




Gi\daas 260

cs e g

Cu® + Bu® + (4 + A)u® =0

(C+AB+Ra+B1]u® =0

LR Gl i ay (P14 A4 AB 4T =0 O 13 (5 ko b - U el o

.J\:l\\;uwr,@ﬁ\;&aj

A giadl S iall 1 gUI Goladt Y0
STOCHASTIC MATRICES
o YV n e glass, 6 2 W 1) State B e ol oy Va1 3, o3 3
St 0 OV e n S G Bl 05 L3 . Ca i e 2B Al ¢ oYU oda
i gl V) b yhde 3 0, il o aed 5, AU L] 5, WU e JUY
oS ey sl 3 YU e G4l Yz~ y . Stochastic Transition Matrix A

: Probability Vector 4\-«-‘#\ s S Lgaiy

Pn

c oVl S pay OF ey s AU 3 o 080 OF 3 Sl e p, S

D Y i Of 43

Za,-j =1,Vj

i=1




261 o ,A.d {

U TN [UNIE S PRVPIETPS Y Lo VISV TH I T PV TPVIUIUNG VP R 30 (B 1)
o 0S5 OF (ot Wpdasd a s gas JST slie § gas O as

L (Goult, 1978, p.159 oo 3 prle ) 25W el Dl sl s el oo o1

P
SUNNY domaion T 5 V>

yduole adte : 5, W=
rainy 5):..» DSy Yl

gy S >t L ang D o J o o» Experiment & 2 3 Trial Uyle JS° 0,55
@&\,‘:«J\JU;'Y\UM
S 52 5
ol
05 02 03« s
A=103 04 03|« s,
02 04 04| s,
db (s52) 36 i or JESY bz (0.2 L (s gby sllly ) @y il Ly JUV U8 3
ATl O paally Jani e oy 3 il B> 17150 S (SI)M:jUE)g
Q__pk.x_sq_,‘Azp —-.'CI‘:“)!"L"-.’)‘Apsg“;;“di)";“!gj‘*:f):“‘ug}w\()é‘égihﬂ
O 13 Mees . Ak p s o8

p=|0

1
O U e 3 i) Al VL] 0B (s ey T

03

Ap=|03

0.4
0.4 0,08 Jluzb ol £ 5 0.3 0,08 Jlazmby I 2329 0.3 0,08 Jlasmhy nado o s )
058w S gt 3 il W YLz OB cpe g g



SAglat 262

0.33
4*p=033
0.34

o O inall sdb 5 adl Aol sy L 1iSa

03] ¢ 4l pi @b yinan 4

B yiall dox OV

Git d g ssme J5 0B
n
G Jey) [A~1]=0 0V Lgaesl op dolaze) Sla 08 ) LS B yian 4 B piald 03)
(4-1) % yial) of slian lin 0B 2315 03 USaSTy . (> LY St ol ¢ g i
CA=1 0B A Bgiadd] il QUL L i SV e 251001 0l sus) U

g3 JWls ¢ AT I A i Lnis ga A I A3 o Of dall e

ATv=Av

Largest in iysdalt a3 S il &t (v, S5 ) v 3 e dr g &F o500,

of ‘51 . Magnitude

[val 2w . Vi



262 S gdaalt

D e ATy =2y Vsl 3 m o3, Uslally
AVy = @ Vy + @y Vy + @V + e + GV
“’E.-.; L'LDJ
Iﬂ“vm| < almlvll + a2m|v2| +oe a,,,,,lv,,| < a,,,,|v,,,| + 02m|vm| +ee a,,,,,lvml
op J.L:Slu
S ay, +ay +tam,=1 ($14)

A $1 055 ey

ﬂ

u_,.t......o A=114 df}ug.»@w}w A hdia 4 I
b’ w2 JAA a\}( I,1|<1Vl ugé@‘u ) zlj"z&,/)'

TV AT = D, = diag(Ay, Ay, - 4,)

T=["1 Lo T Vn] RO

: b ll Transpose ;3\l dxlyy . T4 =D, T 0 Y1,

i

> T3 Dshall Slgman g5

Of olea 1da 03}

T .
4 wi='11'wi ’ l=1,2"",n



AT 5 e a0 QWL A, W Al bl 4T S 1 e v, Of
o3 AT =B=[p)g>. ATm=m 0K sty =1 I Sl

n
Zby'WI,:Wl, , Vi
=

of gf
(bll - 1)w,' + b12w12 4oeeennenan + blnwl,, =0
b,W]I + (b22 - ])M)I2 doeracesens + bz"”,]" -

055 of ot 6y Wiyie (A7 o) A B yiall 055 o dailoal)

n

D=1, Vi

Jj=1
s g 0 st Ll dlide 3aS” @ o Wy =@ 05N O g w Sl e Bl
1] 1]
1 1 ) .
amzaS wy = |1 Aol Of s iy 1] amddl e Lolize 0,55 OF ot Yl e (dadl

1

L L"J

DO Wiy =1 0B TIT=1 08 B} JWby 4 =1 e 4T I

Vll-‘

V]z

Lt 1 iy, |=1

v,

Stochastic g,s“‘)“f"‘" e (A =1 2 bUl QJ\JJ\ ancll 42 y) v of gsf ] Zvl, =1 of “ﬂ
i=1

SV OF L SYy . Swb Jpte amie a po=yy OF 4 Rdl 3 ddy Miay .. Vector

coly ¢ A =TD,T™ O padall e 6y Jo Aens Lz



265 ' S pheall

1 0 --- 0
00 0
1imA"=T(limDA,,)T”1=T, STt ey
k—»o0 k—o0 [ :
00 0
0 - Ofw!
00 0wl
T
00 O_Lwn
1 -
00 - 0 .
=[v1 Vz “ee vn . .. . (?\)u)
00 - 0]
=[V1 Vi V1]

d:.g;‘.sﬂrt&wjnp&a
sz:l
i=1
Jim 4*p=v, = pq Do
Ayl &l 1SS e sde de w6 p S YD il el e bl a6 QUL
L =1 e A G el )y e iy JUSY i 0l

P OB ¢ giledt JU 3 4 B a0l i 0 lS e

A-05 -02 . -03
A1 -4=-03 4-04 -03|=0
-02 -04 1-04

10A-5 -2 -3 10A-2 -104+2 0
-3 104 -4 -3 (=0 = -3 104 -4 -3 |=0
-2 -4 104 -4 -2 -4 104 -4



101-4 -3 -3 -3
= (10A-2 +(104 -2 =0
-4  10A-4 -2 104-4
= (104 -2*10/1 -4} -12]+(1oz ~2Y-304+12-6)=0
= (10,1—21100,12-80,1+4)+(1o,1—2)(—301+6)=0
= (104 -2)10042 ~1102+10)=0
= (104-2)2-1)1004 -10)=0
=  A4=1, =02, A =01
|al<1 , wi of
=1 L&y
5 -2 -3[u] [0
-3 6 -~3|u,|=|0
-2 -4 6 |u)| |0
(5 -2 -310] [5 -2 -310]1 [4 0 -4!0
| | 1
= -3 6 -3!0|~[1 -2 1!0|~]1 -2 1!
-5 2 310 o o oio] |0 0o oio
[t 0o -1i0] 1 0 =-1i0] [1 0 -1}0
t ) ]
~l1 =2 11!0]|~|2 -2 0!0|~[1 -1 00
0 0 oioj {0 o olof o 0 olo
a5 May
0 U 1
U —U = U, =Uu
U ~uy =0 U = Uy
u 1
cp=[o 0 1 sl Qs (Wipke Y 0,50 ) v =[Y ¥4 4T
ol
0.3 033 A
Ap=|03| , A%p={033] , - , kli_;;r;Akp.-: Y
04 0.34 A

¢ i 1 AN OV &y glace V] ) (ST ) ey O g (2l s OF (s

.Jk{)crﬂﬁ



267

Sl ghaall

05 03 02
PSS sy =1 — U Wy i Oy 4T =]02 04 04 Of Sary

03 03 04
(-4 =0

05 =03 -027y] [0 5 -3 =24 [o
~02 06 -04|u|={0] = [-2 6 -4fu|=
03 -03 06 Ju;| |0 -3 =3 6 |u| |0

S g5 0,90 Ly

s -3 -200] [5 -3 -2/0] [6 -6 0}0] [1 -1 0}0

| i 1

= |-2 6 -4i0|~[1 -3 2 10|~|1 -3 210|~|1 -3 210
-5 3 210/ o o oo/ o o oio| |0 o o0l0

03

Qfg_gf
ul ! 1
'ul—u2=0 u2 =u1 .
= = w = Uy =ul 1
U —3uy, +2u; =0 2uy = —uy + 3uy =2u>uy =y, :
U

(TT=1 sy wiv=1 0,5 = w=f 1 1] i

Dgld-) O3 Glad) : CIW Goadt -0

SENSITIVE SYSTEMS or ILL-CONDITIONED SYSTEMS :

Ddadde VYo

Ll -1 (3 Lkl ol O¥lali sda . Ax =B &bt SYslall ) Guedt gy 540
) R e S V@I G T S e e Sy e e il
‘..]a.dlj_\:gil.;;a))\.‘.-..?)Aﬁ|wéqy\;‘lqjé..rhﬂ\\inoN$A:be(q¢ib
28 257 x ] [30
19 17)x,| |20
[ L~

A X b



P VS Jany o 1

17 -25
n]__1-19 28 01_1107 _ o -0
x| (8)17)-(25)(19)|20| [-10 1T

€ 5% 048 wiad 3 pi ik (51 L1 (19) pad i bl 3 (20) el OF il OV
c-.afJJJ di.Lz....aL..p

x =35 , x,=-38

i Y il b & e s e OF (T L 1 350% Lo 005 1 3 ks i (s
RCIRY

DA o s g e g b ) b Lokt ol i s T oo Sliny
: JH A Je Wb s o Lie

=18 , x,=-19

;;;L_h}%,;agupw‘,xdwf}ru\moim@».C;\,S\a;hz..xﬂy,;,
FL S-S P““as““‘:ru‘ oda Jlaol .. aall SUL o 3 ndl 2y Bl 20 )
.pw\o\s#ﬁq_wJg&iw_)ib),mi.h.i\,ﬂb_jzh.i\,hﬁ;

Condition Number !fbj.ih Sdall Y—y—o
th g gt :i)f

ot Ox Al s x OB (b By b oo LBl L Ax=b &

Alx +8x)=b+b = ASx=5b

OB 1y by 13 g0 ga A o sSae OIS 13
Sx=A"'8b
OB Norm pLall ol = plasal

o] < |4 lse (1)




269 N giaalt

,‘,_,...,4.," ”u,.» by {lax J.if O Large Norm p>wio  pliie b AT s ) o C“"J: la
Dol QU @ L Gl Ul % e 5y AL Tzl e a5 Lss OV

_[28 25 _ _ _ a_[17 =25
A—[lg 17] = |4=Q)17)-@25M19=1 , 4 _[_19 ZS]A
|4 = Mjaxgay[ t g ad) Bl 133
"A“'" = Max{53,36} =53 s ol 44 W

D055 (1) 3 Wl oy o ozl Ui i JUy |68 =1 0 ¢ 5b=m oS B

o)< |4~ sl =53
.bo.‘;i\g;%M\,_g;hmw‘};@wtrhp,g;,w»kf&ﬁm,
O e L b 3 oot Bl B 1 3 oot Uadt (o ies OV
Ax=b = |b] <[4l

L RPWEI "x"Z "b" 03 ¢ |4]>0 of

I o
H* |

of gzt (S8 (1), @) o

R
R

Lt of ayldl oda o eiany . b 3 ot w\,.x‘p.u__';@..;sfwl 0, a5l odn g
T 4 y,;) Condition Number b ;2\ suall 6-«: gy "A'l"“A" c}‘ saal e daze

of q;i .. cond(A)

cond(4) = ”A_] ““A"

A_1A=I . :Qg)




i 270
== |47 4| < |47 ||4) = cond(a) - : 03]
cond(4) 21 2 of

il (53 0,50 ¢l OF olins oda OB (5> 1) S (b b 38 4 Gl 0187 LISy

DA Qg s U

O3 ¢ A Byinall 3 54 0,08 wid iy x J3 3 Lokl pidl g Sx Of ok
Ax=b = (A+54\x+6x)=b = ASx+(FAx+(54)sx)=0
OB ( (BA)Sx) Jlerl sl ) 2 a5 N o & aall sllas Y1 Jlanly
ASx+(0Ax~0 = 4Adx~—(6Ax = Sx=-A"(64x
OB JWley (0 3 gn A sSn OF o )

o< ot = Ed<uppon

R o
ERdliarT AT S

Qe WSy A i 3 oo ekt 3t x ol (9 (ol Tkt s 5 2
Al =y cona(a) b 2d saal Je Ll dazmg Ut tia OF 42 ¢ 250l 0

:b,Ay:jféﬁdlz;.:lU

( Ben Noble & J. Daniel , 1977, p.170 ) : 4 i
NY o ol Y s U 50 n ||| £29 4= 4, &3
Ax = b dddlall GO 3P .. dosell of B ghand) o e
O3 it (b>b+5b, A A+ 5A) :&s‘na\jk.uu}.
055 ot Sx 0 )t x 3 1 oh0 g Wl O ¢ (6 4)a!] <1




2n b ginall

b cmacal L AT

M- el 14l j

u=for) e

D oWy
.J@\M_Jﬂ\qu\@wwg\éusﬂ@w\;ﬁ&guysw
OIS 13] 33 pd 26 phaan 0455 (A+ R) 3 pinall Of il oo n

|+
| £ afuefes
-«
*—-'}J—>~\—J-;:L}\—=5b; ¢ 33La b B yivas (A+SA) OF olins lin O R=64 by
<Yoledd
(A+54)x+6x)=b+35b
Jl (oo 5 Al B0 0B Ax=b Of oy

(A+5A4)5 + Ax + (A= b+ b

of gf
(4+54)5x=6b-(54)x = &x=(4+54)"(ob-(54K)
o Jub
3] < (4 + 6 47" oo — (6 4)x)
D)

|4+ 5.4y “ NA H . a=|ea)a]<1

Y (l—a)_l =M Caéf
Jia vy sl
Qf L_;T
o3 < ]l - (6 )] < |47 | (58] + [(5 4))
ok Jul



Sy

272

bod 1o
eyl oa)

55
b = ubu=quusuAn-uxu:uxnzH
I sl 12
b=t sl | gl o)
Shry
s ""A"(nﬁfb!ﬁli lmu)
o[kl led]
s ‘“")( CRlY n]
M=(-a)y' = |(5.4)4 ')T FO
: deld 2>

gu),;uﬂu)) ”ﬁi” J&Tbu&i@uw}u\

¢3 - (BenNoble & Daniel, 1977, p. 171 ) JU Jult il oo &5 s 3
1k
A=A2X2=[0 1} N kZO
- VR B Y 2 B
«)l—’ ”um (e \)\‘J . A =[0 i ] O\‘J \_;\;S’u_,
) =4 =1+
op Jut
cond(A) = (1 + kY

1 o
. d)i,‘_ J;‘ OP Ax:[l:] QY}L’.‘U Udoset bp . kt’ubcﬂ:‘! _)‘aj
iy



273

< gial
N
X =
1
Al b ekl 150
wor=| ol
118, |1+6,
oL
_[8 - ks,
§x—[ 5, j| |
05 kS il 4B Uy
2
5
OB (8, >6; «ols 13 ) s
& '
Elss
Ci
o
LR |
b el

o ra;uulpbg;ﬁxu@wugy\ofawm.(52>51 _stf_._ij\kr._ﬂaﬂs,)
- dadll J& cond(A) of

b JSS g b aad Lol 0,50 0 OF JEl s o Ly 3 o) il

0505 0.495 - -
A:l: 1 1 :| oals \Jl &‘-/UJJ CO”d(A) QS'LJ‘:J‘ Sl .l:-‘,‘ : Jm

g

0.505 0.495
4=l 1

} = |4=001 = A“=100[1 _0'495}

-1 0.505
0 -, o | vt

cond(A) = |4 HA“‘L = (2)(150.5) = 301




Sk 274

| wbi
13 4,,; ST o Bt sl (8 gl cOnd(A) q“”r““ Sukaft
AAT S 3313 ded el

Doy
. ( Forsythe , George and Moler , 1967 ) il
cond(A) = |Zmm 3= 2(ad") of
Ammin

Dl JU 3 Heed . aii g A b 15 08 U AT Of Al o

0.505 0.495 r 0505 1 r 10.50005 1
= = A = = AA" =
1 1 0.495 1 1 2

= Apn = 4x107° A0 =2.50001
A 2.50001

= cond(A) = | == \/ 500 = =250
Amn  V4x10°

cond(AB) < cond(A).cond(B) : Ol ol @ Jiw

gy |

cond(4B) = |4B|(4BY"| = [BlB~" | <|4al]s" 4| = L4~ iz |

cond(AB) < cond(A).cond(B) 2ol L_sf

. C—JL‘J‘ "5....‘:..5_" ““51.9‘0.1)&

. cond(A)=1 Of < )]

cond(H)+0 5 . - " B _ =0<1 05 B (Y)

. cond(A+ B) £
1-6 "

( Deif A.S., 1982 il )

ol el (Ax=b,b>b+8b, A—> A+54) O 13 (¥)




275

< giall

o], _condcay (I8 uaAu)
Ml B

(Ben Noble , 1969, p.434 ity

Slay A 51 Ay b ;) JI Gelad €0

LEAST SQUARES TECHNIQUE

D dadds Y—¢—0

Sl s, 2 p b pisey x Jires piie op B 0,5 dal) LAY o 287 3
Uy =012 m S (x,3) W0 AAN pr el 0 et #) L u)u PRV
Optimal Curve gowa Jaal s J samll bladl sdn oy G g3 Gllally ¢ (b 0 m+1
M\\»ofouﬂm.(...a:sw\a,,).\)\y@,w)iﬁzzwb‘y:,)@a@;w
.Q&uyfwud@oﬁcﬁ%‘ﬂoﬂ,sﬂ\bw\ﬁf_yg}zw
@, Qﬁjcdag Bases 45§ Jwguix_up s A gl s e U
o) Orthogonal sielazs 0 5SG Eutt Ael 52l 0n O T o D, (x) 0,5 et
o e+ s el g o (b by plaonily ) (b ol gy gm0 Ui
;JQ;IJ\J;@,L!)\JMJ\mg};;ﬂbfg)&aiﬂj\g@)ﬂ\fmoﬁﬂ\

y=Fx)=) a®(x

i=0

CoSe b il Tt i Jod ) g, OVl Ol 2457 g8 o llall 050

MJ};J}AUQJM\M\)L»;\J{Q..S}:{W&:SW Uadt ie e U

Al el wmwi\dmr_gsyw,uwy
-Ze—Zly
u\__ijﬂf_Nuwu)\wxaujuww\é;J,&\ﬂ) Uasll pliaS”

& Absolute (or Modulus) Function a3\ 8\MJ\ O " - » 222Uty 2l Jddl ol



ks 276

@)Lh}\t_gfw\,a.)\#lga,.ag)\ug,uuul@, b o we ol G
2 0,5 4y ( Euclidean Norm S8y o\&1 e lads uf““:é‘)“

m

=y e iw)y,

i=0 i=0
A sban s 5 N A 3 s gadly - g 53yl B IS e el o3 o
D Jet T
n 2
¢’ =Z{Zald)l(x)_yl]
i=0 \ i=0
o lax il Je J yamdl y
2
C€ 0, Vj=012n
da;
of f

n

2 m
a = 2(2 a,(D,(x)—y,-](D,-(x)=0 > Vj=0’1’2"",n

da; =\

DY ki ool e fad i

] Zq)(z) Zcplq)o Z(Dzd)o Zd)n(bo-—ao‘ Z‘Do}ﬂ
Z‘Dod’l Z(Dlz Zq_’z‘pl Zq)n(pl 9 Z(Dly
Z‘I?o‘bz Z(DI(DZ Zd)% Z(Dn‘:DZ “|= zd’zy

oo, Too, Teo, - Yol lo| [Tou)

N 4

PRI B SR LN SO YRR USUURIN PRER b JS s ped o (Z) o
¢« Normal Matrix N d—al @\ id siall _, L) @ ginas u“"""‘ 3 Normal Equation
by pall o L olall 38" Sk Jub,

NA=Y



27 < giall

| Zq’(z) ZCD,(DO Z‘qu)o ZCD,,CDO- Fao- rZ‘bo}’
Z(DO(D] Z‘Dlz Zq’zq’l Z(Dn(pl a Z‘Dl}’
N= Z(Dod)z Zq)]q>2 Z‘D% Z‘an’z , 4= %\ Y= Z‘Dz}’
qu;oq)n Z(I;](D" zd;Zch Z(pg ] [ %n | _Z;Dny-
Ll o el Wslall e ot U0 50l gm0 S S ety
CA Ml ez e J gasdd 350 8 o 5 5L Bl us,

D GAlaY) il e slaal) UL Jay e o Jil sl ¢ e
x[1 2 3 4
y|65 9.6 138 183

P+
olall o a i 31 il

y=a0 +a|x

: LSL" J-A.; ¢ Lf."‘.h 1id ay,q led Ll J)L\J,-l slasly

x y x xy
1 6.5 1 6.5
2 9.6 4 19.2
3 13.8 9 414
4 18.3 16 732
> x=10 D y=482 Zx2=30 D xy=14031

D Yol e JUl

4 10Ta,] [482
= :ao =2.15 N al =3-96 .
10 30 a | {1403

:ﬁ@u\&\ilﬁnﬁﬁkﬂ»hﬁ&(()\gﬁ\
y =2.15+3.96x



Olddas 278

S35y a3l il e U a s ouie Jial Je J geaodd il OVl 0,57 Jite
b e {P,} Legendre jhoxY a5l g Jlamzly
x[1 3 4 5
y|72 228 336 474

&

& W A )l o Y asl
R=1, R=x, P2=%(3x2—1)
D Rl Aslall 0,5 UL
SR YRR Y RE[a] | DAy

D RR YR Y RR|al|=|D Ry
ZPOPZ Zple ZPzz @ Zsz

S il J i) s

x y p? Py P} PP Ry Py

T T t t 0 0 1 t
Zpoz Zﬂ,y ZPIZ sz szz Zplpz Zply Zsz
Iyl S s 1)) S5 2 oy gl g Bl Wslall (3 s pally oLt J gkt o Sy
P

a, =338 , a =3.068 , a,=0773

o Julb,
y=ayF +af +aP,

= (3.386) x (1) + (3.068) x (x) + (0.773) x B— (3x2 - 1)]

=2.9995 + 3.068x + 1.1595x>

oY aslgay a0 A»JAG;».;.-J:JJAJ




279

W gduall

D Ll OO e J podd (6 ST AR LD Y-£—0

¢ y=F(x) y—n ol oald 0F o il 0 SIS aald Al 2t sl (Sa
ol o b L_;T..suai\bu;jtdi,,f_du'pjﬁ Les

yi:F(xi)
of
y_/'zzaiq)i(xj) s J=012,--m
i=0

cn=m OF G nam 0,5 00y oVla) B ol o¥slee o Juad adally
bl a5 0f o ) SISl Y1 36 pea ASED O ST Lbsley . nsm of S,
L\_awﬁ_&i\&juﬁ(ﬁ@\&@\)t)faﬂw\)f@w\a@myo}ﬁq)m\
o ol iomr (00 1 O Btom yy S0 UL 3 YoMl o o 1) U s iy . UL
DAY O Y Al e

A(m+!)x(n+l)x.= y

O AT gl 03
(A'I'A)mmx(nmx =4'y
o5 e s O Gl ey a3 ade e Lo (3055 a2U1 Yol OF sy
Y ol Invertible -Sxl B ( Normal Matrix 33 % yinas a3y (47 4) 05 o15un s
PR PR ST AN AN ERUP T N R WE W SPRET
BEY L e e F iy DU 3 (ol s e ST ¥l sas ey Sl

AT G SUY i ey Se L



Oyl 280

WY {x'} A6yl Santane 2,02 Torpll e Jue1 ol o 1 Je
x| 1 2 3 4
y165 96 138 183

s
Wolall  Ln b il

y-‘—'ao +a]x+azx2

DAY Yol e uad By padly

65=ay+a +a,
9.6=ay +2a +4a,
13.8=a; +3a,+9a,
18.3=ay +4a, +16a,

o gt
1 1 1 6.5
dy
1 2 4 9.6
a |=|
1 3 9 13.8
. a,
1 4 16~ 18.3
—_—
A |
ohad 4" 3 oAl
11 6.5
11 1 1 a, I 11 1
12 9.6
1 2 3 4 - al=I1 2 3 4 -
1 3 13.8
1 4 9 16 Qs 1 4 9 16 R
AT T AT

Pt et Ly
4 10 307a] [482
1030 100 a <1403
30 100 354 a, | |461.9

o “)Lﬂ\ J;} ¢ #)XM‘ J-'"v“\" \;M‘ iolans (.-7 By Q)’uhi\'dlﬂ J.a.é SYolall sda J‘,}
L VLS s ek




281

S giuall

el Yol of Ly

4 107 a | [482
10 30) a | [1403

s o Yol el s O B SIS Gl S 3 Ly G WS a1l a5
3\._...«\.,45\ SYoladt

LY oLl J.A: Sy y=ae Ja sl gl 1 s
[0 1 2 3
y]099 03 0.1 0.05

DA

Ly @l (s bl AV s iy 8 oual) Akt oday = ge® mul\dug;._;.)m;
Ll 3 1 J e WLl 00 08l e IS0 () el (ST 0 ST e fradl s e
N

Iny=lna+by = z=g;+ax

z=lny , ay=lna , a=>H
DB SUL s e Y UL

x |0 1 2 3
=y |-001 -12 -23 -30

D et il Ay, a, Pled WLl gadi sl

2

x z X Xz

0 -0.01 0 0

| -1.20 1 -1.20

2 -2.30 4 -4.60

3 -3.00 9 -9.00
>ix=6 D y=-63 > xi=14 D xz=-148

LYol s Sl




282

Sl
4 6 jay -6.51 ay| -1]14 -6]6.51 ay =-0.11
= prman ] = — = :
6 14] a4 -14.8 a 201-6 4 }148 a; =-1.007
L a, bb}'uug‘:.\*u)
Ina=a;=-011 = a=e% =¢ M =09
b=a =-1.007
. y=0.9e*l'007x FYR VAR Q\JL_.J\J::;_) y:aeb‘ SJ)A!&WJ:J of gi
s b
G ¢ G ol Oyl s Uasly y=ae® e Jod Jo Jpeed Us,f 5] ()
P SV e Jead
m
ez =Z(aein —y:)z
i=0
ael C bx, bx C 2bx < bx,
3;:Zoz(ae Y =0 = gae —Zoy,e ~0 Q)
=
562 m . " m . n
E=§;2(ae" -y,)ae” x=0 = zo:ax,en —};x,y,eb"=0(2)
= i= =

s e sl JWbs < a, b 3 Nonlinear swda> ¢ OWslas (1), (2) OWslaliy
T (VN TR PP
An Qi oy g i) Sl g s ot ol Jo " 2 g Ling
H)@U\Lﬁ\iﬁtzﬁuo.?(,lbiy=aeb‘ &?A!Jgé‘.,ﬂ\ah‘)ncw
W Sy sl (1), (2) ool 3 g o gnis (@=0.9,6=-1.007 .. Gl Jubl
Y ol onthioe 5187 13)
Dy Al @ jasedy

0.9 e - Z ye 075 <1.02225-1.11538=-0.093 %0



283 <ot giall
P @) Dot § gy *
0.9) x5 %" xy,e™ 9075 = 0.158584 - 0.14359761=0.015 %0

@y e Qaldl fopd ol gle Uilias 0 01 ol o ¥ JUL
i B STy Sl pmae il Jad G b ((@=09,b=-1.007
b 5 e

Jut 2t QDS il S Gy =t e e i i LB (Y

a 1 1
y—b+cx_(b/a)+(c/a)x_ ay + ax = z——;—ao-f-alx

b c
GB=— , H=—
a a
sl slan Jo J gaadt S ag, g o e Jpadl dary
1 a

ag+ax b+cx

Weighted Least Squares Method & 3 i O\ M Jﬁ d,b y-t—o

s o o U1 g poid ¢ Y3l and Al 13 Slidadt Jand
0555 JWLy .. oVslall 2ad Ay il Ykl
¢ =zwi[F(xi)_yi]2
i=0
CATWAx =AWy Y ) s BB — e WS — OVl 2l 28 6 ) dmy g
t)_.,a}ll s joad dedy J g\ of ¢, ul o f.-)f) . W =diag(wy,w;, - W)

. (U»\



Ol das 284

COMPUTER GRAPHICS wt\3\ S gury @t godacdl 0—0

s dadde Y—0—0

Linear Transformation T i—das iy =S 4 any M B4a0all (1) oo Gl Lis 3

T:R" > R"
ggf)Orthonormal BA~ gie 4 b il COL ST 13 Aol g Al dwdin ol u.(sj\J '
(ATA=1
P VS O TR 5 R alad dy ol ol Lo i A5 e 53
T(x) = Ax
Inner Product H\ g..aj.'aj\ ‘515 Loiloy &\ J._:.)’a:j\ LUB& oA gle W giiaa 4 Co
o 3) ¢« oolgonzald

(TCT()) = (Ax, 4y) = (=Y (49) = " 4T 4y = 5T y=(x,)

OF T . lgmll sy DB e Jailons skl ol o O S50
I =T =1~ Y| = (T = »),Tx ~ ) = (4(x = ) 4Cx - y)
=(x-yf é;ﬁ(x ~yE (= yf (e - p)=lp -
Led Lol 3 0,55 JWby oy yx op L) Lk (2 T(p) 5 T(x) on 8L OB Sl
i WL PRSI OOS

ii)b
WJ"T(x)=Ax -J,ﬁjti\} T:R" > R" ik ot

L 8 g 4 IS 13) Jaddy 13) Isometry 5 p sl i

of 3L Wy e dlaslat ) Wy 5o p el ol y cBLl e dails : Aala Ak



285

cosd =

(xy

b1

- privily

)

<

Uz

Uy

|

ul = Ael

>

u2 = A62

—
<l |
(I
il
N

3y - O in iy il S,
OF ) Jgadl o0 DL 0

cosf -—siné

sin@ cosé

Ll LY s g..._..: of ¢s & ey
c Ao At (3 aanl EosLlL

il e et A Og‘-J
D

Right-Handed Coordinate 35 33 ¢l & Jy gl
Ay st o dax J - 4l Rotation 01393 (IS




il

286

OB B uyy z e de Ol oS BE X
cosf -sind 0O
A, =}sin@ cosd 0
0 0 1

y
7]
x/\ -(Z)fgl‘L_S>r-9L$;' .QW‘U)
z OB O Hyy x 4y Jp Ol ol BE
1 0 0
é . A, ={0 cos@ -—sinf
/ ; 0 sind cosé
* (X 3R PG S $ i)
0B G ayly y e e O sl O 13
¥4
9 cosd O -sinf
4,=| 0 1 0
M sind 0 cosd
y

(Y I8 G Gy J )

ot Sy 45° Oyp ansl (S x yyE iy 450 Olygs Jolm g T el O 13 1 Jia

C g Bghas albcy

S o5k

S = O

g

!

S O -
s-sk o
— ﬁl"‘ o

§||~ o &
sl

1]
Sl- o sl-
N;_,mi_ o

S




287 Clb piall

g,..»\)-\ gy Y—0—-0

e JSEY o e pllai ) iz Les 0y

r2ye p WS R Ul dnly ol 5L
S B o 1A 3 JS ) S
. SISy ¢ B, Py, Py S .. Vertices 3§ )
< PRSI IR U W ST
z Je—t Of adl U1 jola e, . Edges <3 oY)
U5 3 I A blin) pa el s el

Seo K5 GO S0 ISl oo pms Y sy 2y sl 3 1 KR S0y Lz, e
o ELAN 3 UK 015 Jee 1 e b JULy Cxp pedl e ag gl T 51 (a8
DU bl n &3y (2 A DBty ay s pedd e ablan) Sl oy

D01 p 1 b B yiaas 8 e P 8 pheall S

x, x2 s xn
P=\yi y2 = W
NS Zn 3xn

e bladt oL b gl aal e TIRT S R 01, sl G yiian a4 8 4anll OIS 150
e bl e GU3 dm fad S P = AP o P % yiall saasl Ladd 01yt
L P el 3z Bask xy el

0B JWy ¢ Ky e b et ds Ll ¢ Al e
500
p=lo s o
005

0=3687" i dyly y 2 Jy JSEN L Les

sin@=0.6 , cos@ =038




I
4

208

o
08 0 -06)5 0 O 4 0 -3
P=0 1 0 J0 S5 0(=0 5 0
06 0 08 )0 0 5 ook

S WS ey (2 dad Bl ) 2l O
-l ey

g e x 2 Sy S Les OV
0,5 YU ods 3 ¢ amll

10 0 45 0 0 s 0 0
P'={0 08 -06)0 5 0[=]0 4 -3
0 06 08 |0 O 5 fo cfe of

et 2 WS e (2 ) Bl ) S Of
- Jealt el

;b

% ) Jpm Oy gy (Spin D333 o 33455 ) p 52 Sy 03 iy 39 ]
bt ol e S e ) (Tip B o B3l )
Edwards et al. ,)H(kgﬁé\ﬁqﬂi\u@qc)éu\euﬁjtduj

gt M pndl il o e el BASIC ) 3 L S (1988 , p. 346

Juit sy

(-2,2,0) r\_\y 0,2,0)

2.0.1)




289 < gheall

100 REM program rotated polyhedr
710 REIM draws polyhedron whose vertices and
120 REM edges are specified in data statements

130 REM

140 REM initialization:

150 REM

160 SCREEN 1:CLS:KEY OFF

170 WINDOW (-4,-4)-(4,4)

173 DEFINT I,J,K,M,N

180 DIM A(3,3):PI=3.141593 :DEFINT I,J,K,M N
190 REM vertex data

195 DATA 6,-2,0,1,-2,2,0,-2,0,-1,2,0,1,0,2,0,2,0,-1
200 REM edge data:

210 DATA 9,1,2,1,3,2,3,1,4,2,5,3,6,4,5,5,6,4,6
220 REM read vertices:

230 READ N 'number of vertices

240 DIM X{(N),Y(N),Z(N)

250 FOR J=1 TO N

260 READ X(J),Y¥(J),2(J)

270 NEXT J

280 REM

290 REM spin:
300 INPUT "spin angle (deg)'";SPIN
304 FOR TIP=0 TO 180 STEP 15

306 CLS

310 SPIN=SPIN*PI/180

320 A(1,1)=COS(SPIN):A(1,2)=0 :A(1,3)=-SIN(SPIN)
330 A(2,1)=0 :A(2,2)=1 :A(2,3)=0

340 A(3,1)=SIN(SPIN):A(3,2)=0 :A(3,3)=COS(SPIN)
350 GOSURBR 600 'multiply by spin matrix

360 REM

390 REM tip:

410 TIP=TIP*PI/180

420 A(l,1)=1 :A(1,2)=0 :A(1,3)=C

430 A(2,1)=0 :A(2,2)=COS(TIP) :A(2,3)=-SIN(TIP)

440 A(3,1)=0 :A(3,2)=SIN(TIP; :A(3,3)=COS{TIP)

450 GOSUB 600 'multiply by tip matrix

460 REM

500 REM plot edges:

510 READ M 'number of edges

520 FOR K=1 TO M

530 READ I,J 'vertices of next edge

540 LINE (X{(I),Y(I)) - (X(J),Y(J))

550 NEXT K

555 RESTORE 210
558 FOR H=1 TO 9000 :NEXT H
560 NEXT TIP

564 END

570 REM

590 REM matrix multiplication

600 FOR J=1 TO N

610 X=X(J) :¥=Y(J) :Z=Z(J)

620 X{(J)=A(1,1)*X +A(1,2)*Y +A(1,3)*Z
630 Y(J)=A(2,1)*X +A(2,2)*Y +A(2,3)*2
640 2{J)=A(3,1)*X +A(3,2)*Y +A(3,3)*2Z
650 NEXT J

660 RETURN
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APPENDIX A

Jacobi Algorithm

10 REM Jacobi algorithm

15 INPUT "The dimension";N

17 DIM A(N,N),X(N),X0(N)

20 PRINT "The coefficient matrix"

30 FOR I=1 TO N

35 PRINT "The coefficient matrix,row by row"
40 FOR J=1 TO N

50 INPUT A(I,J)
60 NEXT J
70 NEXT I

80 PRINT "The constant vector,b"

90 FOR I=1 TO N :INPUT B(I) :NEXT I

95 PRINT "The initial guess"

97 FOR I=1 TO N :INPUT XO(I) :NEXT I
100 INPUT "The tolerance';TOL

110 INPUT "The no. of iterations";M

120 FOR K=1 TO M

130 FOR I=1 TO N

140 U=0 :FOR J=1 TO I-1 :U=U+A(I,J)*X0(J) :NEXT J

150 V=0 :FOR J=J+1 TO N :V=V+A(I,J)*X0(J) :NBXT J

160 X(I)=(B(I)-U-V)/A(I,I)

170 NEXT I

180 FOR I=1 TO N :IF ABS(X(I)-X0(I)) >TOL THEN 300 ELSE NEXT I

190 PRINT "The solution"
200 FOR I=1 TO N :PRINT X(I), :NEXT I

210 STOP
300 FOR I=1 TO N :X0(I)=X(I) :NEXT I
310 NEXT K

320 PRINT "The no. ofiterations are exceeded"
330 FOR I=1 TO N :PRINT X(I), : NEXT I
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SOR Algorithm

10 REM SOR ALGORITHM

20 INPUT "The number of equations'";N

30 DIM A(N,N),B(N),X0(N)

35 PRINT "The coefficient matrix,row by row"
40 FOR I=1 TO N

50 FOR J=1 TO N

60 INPUT A(I,J)

70 NEXT J

80 NEXT I

90 PRINT "The constant vector b"

100 FOR I=1 TO N:INPUT B(I):NEXT I

110 PRINT "The initial vector xO0O"

120 FOR I=1 TO N:INPUT X0(I) :NEXT I

130 INPUT "The relaxation parameter w' ;W

140 INPUT "The tolerance tol";TOL

150 INPUT "The maximum number of iterations'";M
160 FOR K=1 TO M :

170 FOR I=1 TO N

180 U=0: FOR J=1 TO I-1 :U=U+A(I,J)*X(J) :NEXT J
© 190 V=0: FOR J=I+1 TO N :V=V+A(I,J}*X0(J) :NEXT J
200 X(I)=(1-W)*X0(I)+W*(-U-V+B(I,;)/A(I, I}

210 NEXT I

220 FOR I=1 TO N

230 IF ABS(X(I)-X0(I)) >TOL THEN 400 ELSE NEXT I
300 PRINT " The solution"

310 FOR I=1 TO N :PRINT X(I), :NEXT I

320 STOP

400 FOR I=1 TO N :XO0(I)=X(I):NEXT I

410 NEXT K

420 PRINT "Maximum number of iterations exceeded"
-430 FOR I=1 TO N :PRINT X(I), :NEXT I
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Power Method Algorithm

10 REM Power Method Algorithm

20 INPUT "The dimension';N

30 DIM A(N,N),X(N),Y(N),R(N)

40 PRINT "The matrix,row by row"

50 FOR I= 1 TO N

60 FOR J=1 TO N

70 INPUT A(I,J)

80 NEXT J

90 NEXT I

100 PRINT "The vector x,with infinite-norm unity"
110 FOR I=1 TO N: INPUT X(I) :NEXT I

120 INPUT "tolerance";TOL .

130 INPUT "the max. no. of iterations'";M

135 FOR I=1 TO N

136 IF X(I) <> 1 THEN 138 ELSE P=1 :GOTO 140
138 NEXT I

140 FOR K=1 TO M

150 FOR I=1 TO N

155 ¥(1)=0

160 FOR J=1 TO N

170 Y(I)=Y(I)+A(I,J)*X(J)
180 - NEXT J

190 NEXT I

200 MU=Y(P)

205 MAX=Y(1l) :P=1

210 FOR I=2 TO N

220 IF MAX >= Y(I) THEN 250
230 MAX=Y(I) :P=I

250 NEXT 'I

260 IF MAX=0 THEN 270 ELSE 295

270 PRINT "A has 0 as an eigenvalue "
275 PRINT "eigenvector:"

280 FOR I=1 TO N :PRINT X(I), :NEXT I
290 STOP

295 FOR I=1 TO N I)
300 FOR I=1 TO N X( )
310 MAX=R(1)

=X{I)-¥(I /MAX :NEXT I
=Y(I)/¥(P) :NEXT I

320 FOR I=2 TO N

330 IF MAX >=R(I) THEN 360
340 MAX=R(I)

360 NEXT I

370 E=ABS(MAX)

380 IF E <= TOL THEN 400 ELSE 390

390 NEXT K

392 PRINT "Max. no. of iterations exceeded"
394 STOP

400 PRINT "dominant eigenvalue" ;MU

410 PRINT “corresponding eigenvector";

420 FOR I=1 TO N :PRINT X(I), :NEXT I

430 STOP



Householder Algorithm

5 REM Householder Algorithm
7 REM A(N,N),SYMMETRIC TO TRIDIAGONAL MATRIX

10 INPUT "The dimension:";N

20 DIM A(N,N),V(N),U(N),Z2(N)

21 PRINT "The matrix A: row by row"
22 FOR I=1 TO N

24 FOR J=1 TO N

25 INPUT A(I,J)

27 NEXT J

29 NEXT I

30 FOR K=1 TO N-2

35 Q=0

40 FOR J=K+1 TO N :Q=Q+A(J,K)*A(J,K) :NEXT J

50 IF A(K+1,K)=0 THEN ALPHA=-SQR(Q) ELSE ALPHA=-SQR{Q)*A!/K+1,K)/ABS(A(K+1,
60 RSQ=ALPHA*ALPHA-ALPHA*A(K+1,K)

70 V(K)=0

80 V(K+1)=A(K+1,K)-ALPHA

90 FOR J=K+2 TO N :V(J)=A(JK) :NEXT J

100 FOR J=K TO N :U(J)=0 :FOR I=K+1] TO N :UfJ)=U(J)+A(J,I)*V(I) :NEXT I
102 U(J)=U(J)/RSQ : NEXT J

105 PROD=0:FOR I=K+1 TO N: PROD=PROD+V{I)*U’I): NEXT I

110 FOR J=K TO N :2(J)=U(J)~-PROD*V(J)/2/RSQ : NEXT J

120 FOR L=K+1 TO N-1

130 FOR J=L+1 TO N

140 A(J,L)=A(J,L)-V(L)*2(J)-V(J)*Z{L)
150 A(L,J)=A(J,L)

155 NEXT J

160 A(L,L)=A(L,L)-2*V(L)*Z(L)

170 NEXT L
180 A(N,N)=A(N,N)-2*xV(N)*Z(N)

190 FOR J=K+2 TO N
200 A(K,J)=0

210 A(J,K)=0

220 NEXT J

230 A(K+1,K)=A(K+1,K)-V(K+1)*Z(K)
240 A(K,K+1)=A(K+1,K)

250 NEXT K

260 FOR I=1 TO N

270 FOR J=1 TO N

280 PRINT A(I,J);

29C NEXT J

295 PRINT

300 NEXT I
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QOR-Algorithm
10 REM gR-Algorithn
20 REM The elgenvalues of the Tridiagonal matrix

30

40

50

60

70

80

90

100
110
120
130
140
150
170
180
190
195
200
210
230
235
240
245
250
260
270
280
300

310
320
330
340
350

360
370
380
390
400
410
420
430

440
450
460
470
480
490

500
600
610
lyll
620

REM

INPUT "The dimension:";N

DIM A(N),B(N),R{N),Q(N),S(N),X(N),D(N) Y(N), Z(N),C(N)
PRINT “The diagonal eloments A(n)"

FOR M=1 TO N

INPUT A(M)
NEXT M
PRINT “The over diagonal elements;b(n)"
FOR I=2 TO N °
INPUT B(I)
NEXT I
INPUT "tolerance:";TOL
INPUT "max. no. of iterations:";M
SHIFT=0
FOR K=1 TO M
IF ABS(B(N)) <=TOL THEN LAMDA=A(N)+SHIFT :PRINT "eigenvalue:";LAMDA :N=N-1
IF N=3 THEN 300
FOR J=3 TO N-1
IF ABS(B(J)) <= TOL THEN NEXT J ELSE GOTO 300
PRINT "split into:"
FOR I=1 TO J-1 :PRINT A(I), :NEXT I
FOR I=2 TO J-1 :PRINT B(I), :NEXT I
PRINT "and :"
FOR I=J TO N :PRINT A(I), :NEXT I
FOR I=J+1 TO N :PRINT B(I), :NEXT I
PRINT "shift:";SHIFT
STOP
IF ABS(B(2)) <=TOL THEN LAMDA=A(1)+SHIFT :PRINT "elqenvalue ";LAMDA :N=N-
1 :A(1)=A(2):FOR I=2 TO N:A(I)=A(I+1):B(I)sB(I+1):NEXT I
REM compute shift
==-(A(N-1)+A(N))
C=A(N)*A(N-1)-B(N)*B(N)
D=SQR(B*B-4*C)
IF B>0 THEN MU1=-2*C/(B+D) :MU2=-(B+D)/2 ELSE MUl=(D-B)/2:MU2=2*C/(D-B
)
IF N=2 THEN LAMDA1=MU1l+SHIFT:LAMDA2=MU2+SHIFT:PRINT LAMDAl,LAMDAZ:STOP
IF ABS§H?1-A(N))<=ABS(MUZ—A(N)) THEN W=ABS(MU1-A(N)) ELSE W=ABS(MU2-A(N))
S=A(N)-W
SHIFT=SHIFT+S
FOR I=1 TO N :D(I)=A(I)-S:NEXT I
X{1)=D(1)
Y(1)=B(2) .
FOR I=2 TO N:Z(I-1)=SQR(X(I-1)"2+B(I)"2):C(I)=X(I-1)/2(:-1):8(I)=B(1)/2
(I-1):Q(I-1)=C(I)*Y(I-1)+S{I)}*D(1):X(I)=-S(I)*Y(1-1)+C(I)*
D(I):GOTO 440
IF I<>N THEN R(I-1)=S{I)*B(I+1):Y(I)=C{I)}*B(I+1) ELSE 450
NEXT I
Z{N)=X(N)
A(1)=S(2)*Q(1)+C(2)*2(1)
B(2)=8(2)*2(2)
FOR I=2 TO N-1:A(I)=S(I+1)*Q(I)+C(I)*C(I+1)*Z(I):B(I+1)=S(I+1)*2(I+1):NEXT
1
A(N)=C(N)}*Z(N)
NEXT K
PRINT "Max. number of iterations exceeded;Procedure completed unsuccessful

END
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